TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 328, Number 1, November 1991 -

COHOMOLOGY OF METACYCLIC GROUPS

JOHANNES HUEBSCHMANN

ABSTRACT. Let e:1 — N — G — K — | be an extension of a finite cyclic
group N by a finite cyclic group K . Using homological perturbation theory,
we introduce the beginning of a free resolution of the integers Z over the
group ring ZG of G in such a way that the resolution reflects the structure
of G as an extension of N by K, and we use this resolution to compute
the additive structure of the integral cohomology of G in many cases. We
proceed by first establishing a number of special cases, thereafter constructing
suitable cohomology classes thereby obtaining a lower bound, then computing
characteristic classes introduced in an earlier paper, and, finally, exploiting these
classes, obtaining upper bounds for the cohomology via the integral cohomology
spectral sequence of the extension e. The calculation is then completed by
comparing the two bounds.

INTRODUCTION

Few explicit integral calculations have been done in group cohomology. In
particular, given a group extension 1 - N — G — K — 1, even if the coho-
mologies of N and K are known, there is no general recipe to compute the
cohomology of G from the given data.

In the past years we developed methods to actually do such a calculation
under appropriate circumstances. In [24] and [25] we offered means to handle
nilpotent groups of class 2. In the present paper we offer another such method;
it consists of several steps: At first, one constructs cohomology classes of G
by means of standard methods such as, e.g., Chern classes of suitable repre-
sentations and transfer. This provides a lower bound for the cohomology of
G . The next step is to construct the beginning of a suitable free resolution
for G which arises from the tensor product of a free resolution for N and
K by “homological perturbation theory”. The natural framework for this con-
struction is within differential homological algebra and will be explained in full
detail elsewhere [28]. The beginning of a resolution is then used to compute cer-
tain characteristic classes which were introduced in an earlier paper [26]; these
classes assume their values in certain Ext-groups and provide a description of
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the first nonzero differential in the spectral sequence of the extension. The co-
homology with respect to the first nonzero differential then provides an upper
bound for the cohomology of G. In favorable circumstances the two bounds
coincide. In the present paper we illustrate this philosophy by a computation of
the integral cohomology of many metacyclic groups. For a prime p, the mod p
cohomology of such a group has been computed in our earlier paper [30]; in that
paper the construction of the beginning of a free resolution has already been
exploited. However, it is unclear whether integral calculations can be effectively
carried out from these results and the Bockstein spectral sequence.
Thus, let G be a metacyclic group, given by a presentation

(0.1) G=G(r,s,t,f)=(x,y; ¥y =1, X =y, xyx~ =y,

where s >1, r>1, £ =1modr, tf = f mod r. These conditions ensure
that the group G fits into a group extension

(0.2) e:1l—-N->G—-K-—1,

where N=(y;y " =1) and K = (x; x’ =1). In the present paper we shall
compute the additive structure of the integral cohomology of a large class of
metacyclic groups. More precisely, for a number m, let m, denote the p-
primary part, i.e., m = mpm', where m' is not divisible by p. We shall
compute the p-primary part of the integral cohomology of any metacyclic group
G(r,s,t, f) unless

$,>71,, f£0 modr,, and (#]1 modj;.

To explain our result, we introduce the following notation:

_hs
Toor

hy=r, ky=s, gy=s, v , d = order of ¢t modulo r,

j = Ju hjk;
hj=(t—1,r), kj= Zt s 4= j>1,
u=0

where as usual (---) refers to the greatest common divisor. We note that the
second cohomology group HZ(K , N) has order ¢, and that v modulo ¢, is
the class in H2(K , N) of the extension e; moreover, for j > 1, the numbers
g; are divisible by ¢, (see (6.8) for details).

We shall say that a prime p is bad for the presentation (0.1) if it divides r
and s, if f # 0mod Iy and if S, >0, It is not hard to see that a prime p
is bad for the presentation (0.1) if and only if v # 0 mod (¢,), and if 5, > 1)
(see (6.12) below). A prime which is not bad for the presentation (0.1) will be
said to be good for the presentation (0.1). Here is our main result.

Theorem 0.3. Given a presentation (0.1) of a metacyclic group G, there are
classes (,; € HY(G,Z) and &, ’ L HY"NG, Z) so that, at each prime p that
is good for the presentation (0.1), as a graded module over the p-primary part
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of the integral cohomology H'(Z/s, Z) = Z|c ]/sc, of the quotient Z/s, the
cohomology of H* (G, Z) is generated by these classes subject to the relations

4
(0.3.1) hiy =W, ql);—l NOTIR
(0.3.2) qjchzj =0,
q; i .
(033) q_j(V s ql)C;C2j = O, 12> 2,
unless possibly p=2, t=—1mod 4, and v and j are odd, in which case
i di_y is1 .
(0.3.3") by = s—zfq—lc; Ljoar 122,
where ¢ =0 or ¢ = 1, and, finally,
q.
(0.3.4) q—’(u, 4,)¢3j1, = 0.
1

Moreover, as an algebra, the p-primary part of H*(G, Z) is generated by the
classes C; and &y, for j<d,.

We note that in the split case (v, q,) = g, , the relations read

(0.3.1.s) hiy =0,
(0.3.2.5) 49;¢,6,; =0,
(0.3.4.5) 441 =0,

and the relations

(0.3.3.5) 4,¢0, =0,  i>2,

are consequences of the other ones. In this case our theorem yields precisely
the dual of the additive structure of the homology of a split metacyclic group
given by Wall [46]. Another special case is ¢ = 1 mod r so that G is abelian.
In this case we have

hy=r, k;=(s,r), q=k=(,r, v=/f, d=1,

and we obtain formulas for the well-known structure of the cohomology of a
finite abelian group with two generators.

In the above relations (0.3.3) there is an ambiguity at the prime 2 in case

= —1 mod 4; however, we shall indicate in (8.27) below that the additive
structure is yet still completely determined in this case. Thus our result gives
in particular a complete description of the additive structure of the integral
cohomology of those metacyclic groups for which every prime is good. There
are of course many examples, and it is straightforward to decide whether or not
a prime is good for a given presentation of a metacyclic group.

We now explain how these results are obtained: In §2 we settle the cases in
which G has an abelian or split metacyclic p-Sylow subgroup. This can be done
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by standard methods and Wall’s [46] resolution. Thereafter it can be assumed
that the p-Sylow subgroup of G is neither abelian nor split metacyclic. In §3
we reproduce some number theory which came out of conversations with S.
Sperber. In §4 we introduce the classes {,; and &), and establish a number
of relations among them. The classes {, ; have been constructed as Chern
classes of suitable complex representations in our paper [27]. In the present
paper, we construct the classes ¢, i+l by means of the transfer and the number
theory in §3. In §5 we exploit a suitable homological perturbation to compute
the characteristic classes introduced in our paper [26]. In general, these classes
yield a description of the first nonvanishing differential of the spectral sequence
of a group extension or, more generally, of the change of rings spectral sequence.
In §6 of the present paper we exploit the calculations of the characteristic classes
and, furthermore, the machinery in our earlier paper [26], thereby obtaining a
proof of the following.

Theorem 0.4. In the integral cohomology spectral sequence (E; *(e,Z), d,) of
the group extension e the first (possibly) nontrivial differential

k,2j k+3,2j-2

d3:E3 _’E3 s kZOa.]Zla
is zero for k = 2i, while for k =2i+ 1,
d3: E§i+]’2j gZ/q] — Z/qj_l EE§i+4,2j_2’ 12 0’ .] Z 13

sends an appropriate generator to — v * ‘-’fl‘l—‘ times an appropriate generator.

We note that for degree reasons the differential d, is zero and hence d, is
the first possibly nonzero differential. The calculation of the latter relies on the
number theory in §3. For example, the exact p-divisibility of the expression

AG, s, ) =jA+ 0 4 1 OV G+ T

comes into play.

There is a notion of characteristic classes for group extensions due to Charlap
and Vasquez [10, 11]. These classes are defined only under strong additional
hypotheses, and they assume their values in suitable group cohomology groups.
Theorem 0.4 above shows that our notion of characteristic class really goes
beyond what is in the literature. For the differential d, is nonzero if and only
if v~ is not divisible by g, . However, when the order s of K is odd, the

(s.1),
cup pairing

u: Bk, HY Ny e H (K, Hom(HY N, HY2N)) — H* ™k, HY72N)
is zero for degree reasons, and so it is impossible to obtain the differential

2i+1,2j 2i+4,2j-2
dy: 3V g

by means of a characteristic class attaining its value in a group cohomology
group.
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In §6 we prove Theorem 0.4; we then give the structure of E, in (6.9). Fur-
thermore, a comparison of the subalgebra of the cohomology algebra generated
by ¢, ; and &, i1 with E, enables us to conclude that, at a good prime p, the
spectral sequence collapses from E, and that the cohomology is as an algebra
generated by the classes {, i and ¢&, IRE in fact by a suitable initial finite subset
thereof;, details will be given in (6.11)-(6.13). In §7 we analyze the restriction of
the spectral sequence to a suitable subgroup. In §8 we exploit the description of
this restriction to see by induction that the relations among our classes given in
(0.3) are indeed defining relations, and in this way the usual additive extension
problem is overcome. This will then complete the proof of Theorem 0.3, our
main result.

When r,<s,,at the prime p the spectral sequence will not collapse from
E, unless f is divisible by I if the latter happens to be true, the p-Sylow
subgroup splits, and this case has been settled before. Finally, when ¢ — 1 is
divisible by fp , the presentation can be rewritten so that our approach is still
applicable. Indeed, we may assume that G is a p-group and that the numbers
r, s, and f are pth powers. We can then project G onto Z/ (t—l)p by sending
y to a generator and x to zero. The kernel of this projection is generated by
x and y'~'. When ¢ -1 is divisible by f = f,,

y =0
the kernel is cyclic, and we are in the situation of Theorem 0.3.

In the present paper we do not give the multiplicative structure apart from
the structure as a module over the cohomology of the quotient group K. We
intend to determine the ring structure elsewhere.

The integral homology of a split metacyclic group has been given by Wall
[46], and it is straightforward to dualize his description to obtain the additive
structure of the integral cohomology of such a group (cf. Thomas [44]). The
integral cohomology ring of a (necessarily split) metacyclic p-group of order p3
for p odd has been given by Lewis [38]; more generally, Larson [36] computed
the integral cohomology ring of split metacyclic groups G which are extensions
of the form

NF Z 7

b

0—-2Z/p'k —-G—Z/p—1,

where p is a prime and k is prime to p. The cohomology of the dihedral
group and quaternion group is classical (cf., e.g.,, Madsen-Milgram [40] and
Cartan-Eilenberg [8]). Further, Evens and Priddy [12] computed the integral
cohomology of semidihedral groups. In [1] Alzubaidy claims to have computed
the integral cohomology of any metacyclic p-group but a brief look at Wall’s
results [46] shows that Alzubaidy’s results cannot be correct; also it was pointed
out to me by Yagita that Alzubaidy’s results are inconsistent with what is said
in Tezuka and Yagita [42].

Much of this work was done during a stay at the Institute for Advanced
Study. I should like to express my gratitude for its hospitality. I am indebted to
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S. Sperber for conversations about number theory and to the referee for some
comments which helped improve the exposition.

1. PERTURBATIONS AND WALL RESOLUTIONS

In this section we use “homological perturbation theory” to elaborate on a
resolution whose existence was first proved by Wall [46]; this resolution also
occurs in Lazard [37]. The interested reader may find more about homological
perturbation theory in [7, 9, 13-21, 24, 28, 30-35]. We shall feel free to use the
same material, notation, results, etc. as in §2 of [30], and we shall not repeat it.
As in the Introduction, G will be a metacyclic group, given by a presentation
(0.1), and we shall maintain the notation in the Introduction.

Let R be a commutative ring with 1, taken henceforth as ground ring. We
denote the divided polynomial algebra on a single generator u by I'[u] and
the exterior algebra on a single generator v by A[v]. With this notation, the
standard small free resolutions for the kernel N and quotient K of e may be
written

M(N) = (T[u,]® A[v,] ® RN, d) = M'(N) &, RN,
M(K) = (Mu,]1® A[v,]® RK , d) = M'(K) ®, RK,

where M'(N) =T{u,]® A[v,] and M*(K)=T[u,]®Alv,]; details may be
found e.g., on p. 252 of Cartan-Eilenberg [8], where the resolution is writ-
ten X, and where the name divided polynomial algebra does not occur but its
structure is given explicitly. As in [30] we write a Wall resolution [46] of R in
the category of right RG-modules in the form

M(G) = M (K)o M (N)® RG, d), with d=d’+d'+d"+-.-,

so that 0 .
d =M(K)® dM“(N)@.,RG (= Idys k) ® dM’(N)®dRG)’

and so that, for i > 1, the operator d ' lowers Serre filtration (i.e., the filtration
by (M”(K ))-degree) by i; for completeness we mention that dMu( N)®,RG refers
to the differential on M(N) ®z, RG induced by the one on M(N). The oper-
ator d° is an RG-linear differential on M!(K) ® M!(N) ® RG ; it is vertical in
an obvious sense. It has become customary (see, e.g., [17, 24, 25, 30, 33-35])
to refer to the infinite series d =d' +d*+--- asa perturbation of d° ; see also
Remark 1.5 below for more comments about perturbation theory.

For intelligibility we recall that the property dd = 0 of the differential d =
d® + 8 amounts to the sequence

(1.0.1) d°d' +d'd '+ +d'd®=0, >0,

of indicated identities. Moreover, once the perturbation 9 has been obtained,
the obvious projection map is a morphism

g: M(G) = M (K) e M'(N) ® RG, d) — M(K) = (M'(K) ® RK , d)
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of filtered chain complexes and is compatible with the obvious right RG-module
structures. A standard spectral sequence comparison argument then shows that
the spectral sequence (E.’"(M(G)), d,) coming from the Serre filtration has
(E,, d,;) = M(K). Consequently

M(G) = M*(K) @ M'(N) ® RG, d)

is acyclic and hence its underlying chain complex is a free resolution of R in
the category of right RG-modules.

Suitable terms d' and d” for the split case (i.e., the case where f = 0)
have been given in Wall [46], and, as observed in [46], d’+d' +d* is then
a differential on M(G). In general it is difficult to find explicit formulas for
the higher terms of the perturbation. For our purposes it will suffice to have
available only some of them. We now give the requisite information; here and
henceforth we shall write, for conciseness,

k_ —_
X=l+x+-+x l, y,=1+y+---+y“, etc.

By construction, we have

d°(r,(w)r,(w) = (0, (w)v,)y,,  J=1,
) d°(r, (), (), = (7, ()7, =1),  j>0,
d° (7, (), (7,(1) = =7, ()0 (7, (), y,,  J20,
d° (2, (v, (7, (u)v,) = =7, (w ), (7, (w)y — 1), j>0.
Let
(1.2)

d' (7, (u)7,(u,)) = 7, ()0, 7,(w) 1+ () )+ + () %)),
d' (7, (), (u,)v,) = 7, (w)v,7;(,)v,
X (14 () 5) 44 (00T,
d' (v, (u vy, (1) = 7,(u)7,(w,) () x = 1),
d' (v, (u)v,7,(u,)v,) = 7,()7;(u v, () x = 1),
> (7, (u)7,(1,)) = =7, (0,)7,(,)v, ¥,

2 U g
d” (v, (u)y;(w,)v,) = ————7, (4 )7;,, (1),
(7, ()0, 7,(u,) = 7, (v, 7, (1,0,
t(j+l)s _
4 (0, (0,7, (8,)0,) = ———7, (1)0,7,,,(1,).
0, 0,,00) = -G+ DDy )
t-0nf j+l

Y1 ()75, )0,y () x

&’ (7, (u v, 7, (uv,) = = + 1)

r
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It is then straightforward to check that the identity (1.0.i) holds whenever it is
already defined. By Lemma 2.10 of [30], the construction of the perturbation
can always be completed, and we obtain a differential d on M(G) as desired.
We shall not need formulas for the remaining values of the operator d 3, nor
shall we need formulas for the higher terms of the perturbation. The above
formulas for the operators d ! , d2, d® have been obtained by means of an
appropriate perturbation theory. Space does permit us to give the details here
and we shall explain them elsewhere [28].

Remark 1.3. Inspection shows that, when f = 0 so that the extension e splits,
d’ +d' +d* is a differential on M(G). We have already pointed out that this
observation is due to Wall [46]. Likewise, when ¢ =1, G is abelian, and again
inspection shows that d° + d"' + d* is a differential on M(G).

Remark 1.4. In the general case, let n: R — M(N) be the obvious map, choose
a section g: K — G for the projection n: G — K of the underlying sets so
that ¢(1) =1 and no = Id, , write ¢": RK — RG for the induced morphism
of R-modules, and let

V, =ldy s ®1®0": M'(K) ® RK — (M (K) ® M*(N)) ® RG.

This is a section of g for the underlying graded R-modules. Moreover, let s,
be a contracting homotopy of M(N) so that

dsy +syd =ne — IdM(N) ,
and define a morphism
h: MY(K) @ M'(N)) ® RG — (M*(K) @ M*(N)) ® RG
of graded modules of degree 1 by means of the formula
hboaow)=(-1)""(bosy@ewon(w) ")) (on(w)),
where b € M'(K), ae M'(N), w € G. Then

(1.4.1) d°h+hd°=v,g-1d, gh=0.
If, in addition, s, 7 =0 and s, has square zero, we also have
(1.4.2) hv,=0, hh =0;

since the underlying graded abelian group of M(N) is free abelian, such an s,
exists, as is well known. The data
g

(M(G) ——"M(K). h)

4

then constitute an RG-module contraction in the sense of [24] (see also §2
of [30]). In particular, when we combine /4 with a contracting homotopy for
M(K) we obtain a contracting homotopy for M(G), and we see once again that
M(G) is acyclic.
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Remark 1.5. The problem we are faced with in the present section is that of
constructing a differential on the “bigger” object (M'(K)®M*'(N))®RG (where
M(K) is the “smaller” one). A solution of this problem (or a partial one as
above) could hence be referred to as a blowing up construction; blowing up
constructions occur also in [18, 20, 24, 28, 30, 32, 33, 34]. The papers [13-17,
19, 21, 35] deal with a different kind of problem which might be called a blowing
down construction (see, in particular, [17]); to our knowledge, such a blowing
down construction occurs first in [7]. It is also used in [9, 24, 31, 33, 34].

2. THE COHOMOLOGY IN A NUMBER OF SPECIAL CASES

As before let G be a metacyclic group, given by a presentation (0.1), with
corresponding group extension e (cf. (0.2)). In the present section we give a
description of the additive structure of the cohomology of G in a number of
special cases. Later in the paper we shall reduce the calculation of cohomology
in the general case to one of these special cases.

For completeness, we begin with a split metacyclic group G ; this is one so
that the extension e splits. In this case, after having rechosen the generator
x suitably (if necessary) we may assume that f = 0, and we shall henceforth
do so. We have already observed that the formulas (1.1) and (1.2) then yield
a differential d = d° +d' +d* on M(G). We now consider the reduced dual
object

M(G)" = Homg(M(G), R) = Hom(M(G) ®p; R, R).

*

By construction, as an induced P[c ]-module, M(G)" may be written

M(G)" = Plc,]® Alw,]® Plc,] ® Alw,].

To describe its differential explicitly, we write @ _, w,, ¢, ¢, for the duals in
the graded sense of, respectively, v _, v, U, U, in the basis of monomials.
Henceforth we use the Eilenberg-Koszul convention to the effect that, for ex-

ample, (0, w,)(v,v,)= -1, and that the coboundary dc of a cochain ¢ is
given by the formula d(c) = (—1)'c'+1cd . With this convention, as morphisms

of graded P[c ]-modules, the operators d,, d,, d, are given by the formulas
indicated in the following table:

d, d, -4,
c; 0 - - l)wxc; +’”,“‘cxc;_iwy
cjwy rcfrl —(* - l)wxc;wy 0
wxc; 0 +A+ )+ + (tj)s_l)cxc; ——ﬂr—‘lcxwxc;"wy
wxc}’;wy —rwxc}{+l +(1+ (tj+l) +oe (tj“)s_l)cxciwy 0

It is clear that M(G)* is filtered by (M*(K))-degree, and that the resulting
spectral sequence is just the spectral sequence (E; "(e, R), d,) of the group
extension e. We now take R to be the integers Z. In order to write down the
graded group E, we remind the reader that, for j > 0, the numbers 4 Iz k i 4




10 JOHANNES HUEBSCHMANN

have been defined in the Introduction. With this notation it is clear that the
integral cohomology spectral sequence has

Eg,zj - ;CJZ/, ®Z/h;, 21,

- E22i,2j =—ch/k =Z/q;, i>1,j2>0;
Efi’2j+1 =0=E221+1,0=E22i+1,2j+1, i>0,j>0;
E22,121 ka Z/h =Z/q;, ix21,j21

For later reference we record that, with the notation adjusted appropriately,
this description of E, is valid for any extension of the kind (0.2), that is, for
any extension of a finite cyclic group by a finite cyclic group. Moreover, in
view of what was said above about the differential in M(G)", in the split case
the spectral sequence has E, = E_ . The graded group E, can of course be
computed directly as the cohomology of the cyclic group K with respect to the
induced action on H*(N, Z).

Still examining the split case, for j > 1, we now consider the following
cochains, where subscripts indicate degrees:

roj -1 -
(2.2) {y = EC; T v o,
o 1))
(2.3) ész = k_ijcy - kj €, O,
Inspection shows that
j—1
(2.4) (dy+d, +d)(c, wx) =ht,;,
: (¢ — Dk,
(2.5) (dy+d, +d,)(c)) = ———r-—f 2l
(2.6) (dy+d, + dz)(wxc;_'wy) =—ki$y1>
i ios—1
L) 4+ () DAy
(2.7) (dy+d, +dy)(w,c) = . Le y;-

The additive structure of the homology of a split metacyclic group is due
to Wall [46] and has been known for a while, and the additive structure of
the cohomology of such a group is obtained from that of its homology in the
standard way. We therefore label the following result as a proposition.

Proposition 2.8. In the split case the cochains {, i and &, jy1 are cocycles, and
as a graded module over the cohomology ring H*(Z/s, Z) of the quotient group
Z/s, the integral cohomology H™ (G, Z) is generated by (the classes of) ¢, i and




COHOMOLOGY OF METACYCLIC GROUPS 11

Caj41 Subject to the relations

(2.9) hiy =0,
(210) qjcxizj =0,
(2.11) 46,0, = 0.

In particular, there is no additive extension problem from E_ = E, to H'(G,Z).
Finally, as a ring, the integral cohomology H*(G, Z) is generated by (the classes
of) C2j and 521+1 for j<s.

Proof. It is clear that (, ; and ézj +1 are cocycles, and (2.4)-(2.7) imply that
the relations (2.9)-(2.11) hold. A brief look at the description of E, of the
spectral sequence given above shows at once that these are defining relations
and that there is in fact no additive extension problem. Finally, the multi-
plicative structure of the spectral sequence implies that, as a ring, the integral
cohomology H*(G, Z) is generated by (the classes of) ¢, i and ¢, i+l for j<s
as asserted. O

Remark 2.12. The argument given by Wall [46] for the computation of the
homology of G avoids the explicit construction of cycles. Here is its counterpart
for cohomology: Inspection shows that the object M(G)* decomposes as a
direct sum

M(G)" = (Plc,]®@ Alw,], d) o P (Plc,]® Alw,]® (Z(c;“wy) ®Z(c,)), d)
Jj21
of filtered chain complexes. Since in each dimension the homology of each
summand is at most a cyclic group, there is no additive extension problem for
each summand, whence there is no additive extension problem from E_ = E,
to H'(G, Z).

Let now G be an arbitrary metacyclic group, given by a presentation (0.1).
Our next aim is to compute the cohomology of G at the primes p so that the
restriction of e to the p-Sylow subgroup of K splits; under such circumstances
we shall occasionally say that e splits at p.

Let p be a prime dividing r and s. We shall write

p.
(2.13) ¢:1—N—G —K —1

for the restriction of the extension e to the p-primary part K, of K, and we
shall denote by

t6,16: H (G, 2) — H'(G, Z)
the corresponding transfer. If the extension e’ splits we denote, for j > 1,
the generators of H*(Gp, Z) given in (2.7) above by C;j e HY (Gp, Z) and

& i+ € HY*! (G,, Z); under such circumstances we shall write

. Ny
&= TGpTG(C;j) €HY(G,2), Caju1 = ’G,Ta(é;jﬂ) e (G, 2).
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We now phrase the property that the extension e’ splits in terms of the nu-
merical parameters r, s, ¢, f. To this end, we consider the second cohomology
group HZ(K, N) of K = (x; x°) = Z/s with coefficientsin N = (y;y") =Z/r
with respect to the action of K on N coming from conjugation in G. Since
this action is given by *y = ', it is clear that HZ(K , N) is the homology of

Z/r 14t4-47 Z/r -1 Z/r,

whence
H(K, N) = <(z——r1,r)Z/’> A +t+- 47"
Since ¢f = f mod r, the number f may be written f=v——, and v

(t=1,r)°
modulo g, is precisely the class of the extension e in HZ(K , N). Notice
in particular that, as far as the parameter f is concerned, in the above pre-
sentation it suﬂicesjo restrict attention to the numbers v so that v divides
q, = (@=Ln(ittt+7 ) | For these matters, see also IV.2.8 of Beyl-Tappe [5].
For a prime p and an arbitrary number m we shall henceforth denote the
p-primary part of m by m, so that m = m,m' with m' prime to p.

Theorem 2.15. Let G = G(r, s, t, f) be an arbitrary metacyclic group with cor-
responding group extension e, and let p be a prime so that v = 0 mod (g, )p .

Then at p the homology and cohomology spectral sequences collapse from E?
and E, respectively, and there is no additive extension problem from E_ = E,
to the p-primary part H* (G, Z), of H*(G, Z). Furthermore, as a graded mod-
ule over the cohomology ring H*(Z/s, Z) of the quotient group Z/s, at p the
integral cohomology H*(G, Z) is generated by &y, and ézj +1> Subject to the
relations

(216) hjC2j = 0,
(2.17) g;¢c,8,; =0,
(2.18) 4,0, = 0.

Proof. 1t is clear that v = 0 mod (g, )p if and only if the restriction map into

HZ(KP , N) is zero, i.e., if and only if the extension ¢’ splits. By Proposition

2.8 the cohomology spectral sequence (E;’"(e”, Z), d,) of the latter collapses

1
from E,. Since the index of Kp in K is prime to p, the standard argument

shows that the restriction map
H'(K,H"(N, z),— H*(Kp, H'(N, 7))

is injective. Hence at p higher differentials in the spectral sequence of e are
detected in the spectral sequence of ¢’ which has no higher differentials. Con-

sequently at p the spectral sequence (Ei'

""(e,Z),d,) has E,=E__.
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To complete the proof, let j, be the order of ¢ modulo p, i.e., the smallest
integer j so that ¥ = 1 mod p. It is clear that the numbers & ; and g; are
prime to p unless j is a multiple of j,. Hence at p the group E;O’Zj (e, Z) is
nonzero only if j is a multiple of j. Further, it is clear that at p the transfer

*,2j *,2j
g 1k Eo ‘e’,Z) — E> (e, Z)

o]

is trivial if j is not divisible by j,, and a little thought reveals that at p this
transfer is an isomorphism if j is divisible by j,. It follows that, as a graded
module over the cohomology ring H*(Z/s, Z) of the quotient group Z/s, at p
the integral cohomology H*(G, Z) has the asserted structure. Notice that the
relations (2.16)-(2.18) have real content only if j is divisible by j,. O

Remark 2.19. It is clear that for any prime p relatively prime to the order g,
of H (K, N) the hypothesis of the theorem is satisfied, whatever v .

Remark 2.20. It is also clear that, with a notation introduced in (2.14), an
arbitrary metacyclic group G fits into an extension

(2.21) l1—G,—G—K/K, — 1,

where the order of the quotient K /Kp is prime to p. Hence at p the co-
homology of G consists precisely of the invariants of the cohomology of Gp
under the induced action. The above argument yields among others an explicit
calculation of these invariants in the case where the extension e’ splits.

Our next special case is that of an abelian metacyclic group G, given by a
presentation (0.1) with ¢ = 1. We shall need an explicit description of the
cohomology of G in terms of the generators in (0.1).

It is clear that, after having rechosen the generators x and y suitably (if
necessary), we may assume that the number f is nonzero and divides r and s;
in particular, in this description the extension e splits if and only if f = (r, s).
Then G may be writtgn as a direct product of two cyclic groups generated by
x"=x and y' = x"/y of order s’ = & and f respectively; if f =1 the
second factor is of course trivial but this is of no account for what will be said
below. Following the recipe in Cartan-Eilenberg [8], we can compute from this
the integral cohomology ring of G as follows:

Using a notation explained in the previous subsection, over an arbitrary
ground ring R we may write the standard small free resolutions M(Z/s’) and
M(Z/f) for Z/s' and Z/f in the form

M(Z/s') = M'(Z/s) &, R(Z/s),  MZ/f)=M(Z/f)®,RZ/S),
respectively, where
M(Z/s) =Tlugl®Alv, ], MI(Z/f) =Tlu, 18 Aly, ],
and it is clear that their tensor product
M(G) = M(Z/s) @ M(Z/f)
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is a free resolution for G. Furthermore, it is well known that the diagonal
map A given in Cartan-Eilenberg [8] turns M(Z/s') and M(Z/f) into (non-
cocommutative) differential graded coalgebras, and the tensor product structure
turns M(G) into a differential graded coalgebra. This implies that, as a graded
algebra, the reduced dual object

M(G)" = Hom,;(M(G), R) = Hom(M(G) ®; R, R)

is generated by the duals .., W,y Cory € 0N the graded sense of, respectively,
Vs Upry Uyr s Uy in the basis of monomials; moreover, the generators commute
in the graded sense, save that the squares of the odd degree generators are non-
zero and given by

2 S5’ =1) : _f(f=1)

C()x/ = Tcxl ’ wyl = Tcyl;

finally, the differential 4 on M(G)" is given by
dwy)=s'cy, d(c,)=0, d(w,)=fc,, d(c,)=0.

y

Then it is clear that /

s
53 = Tcx'wy' - CL)x'cy'
is a cocycle, and the following is immediate:

Proposition 2.22. Let G=G(r,s,t, f) be an abelian metacyclic group, and
assume without loss of generality that t = 1 and f = (r,s, f). Then the
integral cohomology algebra H* (G, Z) of G is as an algebra generated by (the
classes of ) ¢, [ and &,, subject to the relations
2 S8 -1
, _
(2.23) sc, =0, fcy/ =0, f¢=0, &= GGy

Notice that f: is nonzero only if s’ is even; it is of course well known that
this must be so for formal reasons.

For our purposes it will be convenient to reinterpret the description of the
integral cohomology algebra H*(G, Z) of an abelian metacyclic group G in
terms of the old generators x and y:

A straightforward calculation shows that

. r
1anTG(cx) =Cp+ 7cx, ,

where ¢, € HZ(K , Z) denotes the obvious generator. Hence, if we write ¢, =
¢ and ¢, = ¢+ fcx, , as an algebra over H'(K , Z) = Plc, 1/sc, , the integral
cohomology of G is generated by ¢, and &, , subject to the relations

rsers 1 2
(224)  re,=fc,, f&=0, &= wcy (ci + (}) cﬁ) :
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Furthermore, it is clear that resg;, y(c,) = ¢, € H? (N, Z) with an abuse of the
notation ¢, -

We now return to an arbitrary metacyclic group G, given by a presentation
(0.1). Our final aim in this section is to examine the cohomology of G at a
prime p so that its p-Sylow subgroup is abelian. We proceed as follows:

Recall that v = Y modulo q, is the class of e in HZ(K , N).

r

Proposition 2.25. If p is a prime so that v # 0 mod (q,),, then t=1mod p,

and p divides r and s, too.

Notice that v # 0 mod (g,), if and only if [ # 0mod (k)), = (r,s),.

p,

Proof of 2.25. Recall that the number g, = "% s the order of H*(K , N). It is
clear that the hypothesis implies that p divides g, . Now this, in turn, implies
that p divides ¢t — 1 as well; in fact, if p did not divide ¢ — 1, the p-primary
part of
s—1 ts - 1
k]—(1+t++t ,r)—<t_—l,r>
would coincide with that of r since by hypothesis # = 1 mod r and p would

not divide the number ¢, = (L_ir'—)kl 0

For a prime p we shall denote the p-Sylow subgroup of G by G(p) (but

note that we write Gp for the preimage in G of the p-Sylow subgroup K, of
K).

Lemma 2.26. For a prime p so that v # 0 mod (q,) o the restriction map, re-
stricted to the p-primary part H* (G, Z), of H*(G, Z), is an isomorphism

res: H'(G, Z), — H'(G(p), Z).

Proof. We have already observed (cf. (2.21) above) that the restriction map
identifies H*(G, Z), with the invariants H*(Gp , Z)K/ K with respect to the
induced action coming from conjugation in G. However, since ¢ =1 mod p,
conjugation in G boils down to inner automorphisms in G, whence K /Kp acts
trivially on H*(G, Z) b Finally, since N may be written as a direct product
N = N(p) x N', where the order of N’ is prime to p, the group Gp maps
onto its p-Sylow subgroup in such a way that the restriction to this p-Sylow
subgroup is the identity map. This implies at once that the indicated restriction
map is an isomorphism. 0O

Hence we conclude at once the following.

Theorem 2.27. Let p be a prime p so that v # 0 mod (g, )p and t = 1 mod r,.
Then the p-Sylow subgroup G(p) of G is a nonsplit abelian metacyclic group,
and the restriction map res: H'(Gp L), — H*(G(p), Z) is an isomorphism at
p. In particular, at p the structure of H* (G, Z) is given by (2.22).
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3. SOME NUMBER THEORY

In the present section we give some number theory that will be needed later
in the paper. For a prime p and a number m we shall denote the p-part of m
by m, so that m = mpm' with m' prime to p.

Let p be a prime and let G be a metacyclic p-group given by a presentation
of the kind (0.1) so that in particular the numbers r and s are pth powers.
Since a cyclic group of order p does not have a nontrivial automorphism of
order p, we must have ¢ = 1 mod p. We shall denote the order of ¢ modulo
r by d, and we shall refer to the case where p isoddor p =2 and ¢t = 1
mod 4 as the typical case and to the case where p =2 and 1 = —1 mod 4 as

the exceptional case. As before, we denote the corresponding group extension
by e, , where v = {=L.1)

Lemma 3.1. (1) In the typical case, for any j > 1, (t/ - 1, =0-1),

(2) In the exceptional case, for j odd, (f — 1), = 2, while for j even,
(¢ = 1), =t + 1),

For a proof see, e.g., Lemma 2.3 in Huebschmann [27]. We mention in
passing that the lemma implies that in the typical case s > p2 unless G is
abelian, i.e., unless the order d of ¢ modulo r is 1. In fact, since g, is
divisible by p so is L:—l . However, since ¢t = 1 mod p, in view of the lemma
the p-primary parts of f%' and S—(’:—Q coincide; hence the p-divisibility of
f%‘ implies that s = p only if ¢t — 1 is divisible by r, i.e., onlyif d =1. On
the other hand, in the exceptional case it may well happen that s = 2 while the
2-Sylow subgroup of G is nonabelian.

The lemma entails (3.2), (3.3), and (3.4) below:

Corollary 3.2. (1) In the typical case, d = r/h, and, for j > 1,
h/=h1(.],d)a kj=(rss)s

h(r,s) . r,s) . .
=10 oy = O gy =g, ).
(2) In the exceptional case, d = m and for j > 1,
5 _{(t+1)2(j,d), if j is even,
i 2, if j is odd,
(r,s), if j is even,
k. =
T (AN ) s oda
s(’jl),z , if j is odd,
qj=

(t+1),(r,s)
r
Details of the calculation of d are given in §3 of [27]; the other statements
are immediate. O

(J,d), if j is even.
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Addendum. In the exceptional case a nonsplit extension occurs only if the number
Qf;'-E is even. Furthermore, for j odd the number k i then coincides with r.

Proof. In fact, the order g, = (ﬂ’%l—z ,2) of HZ(K , N) is then greater than 1

if and only if the number @E is even. Furthermore, if this happens to be the
case, for j odd, we have

_(s(t+1) ro
kj—( P ,2)5—-". 0

Let G' be the subgroup of G generated by y and x’' = x”. It is again
metacyclic, the obvious presentation being given by

G =Glr,s' ¢, f)=x,p; ¥ =1, 2 =/, Xy =y,
where s’ =s/p and ¢ =1 .
Corollary 3.3. In the typical case, for j > 1,
W = { phj , ifj is not divisible by d ,
J h., ifj is divisible by d,

-~

k. S
k,’.={?’ Yras

kj, ifr<s,

q; ifr>sand jZ20modd orifr <sand j=0modd,
q,'.= %’;, if r > s and j is divisible by d,

pq., ifr<sand jis not divisible by d.
In particular, if d > 1, i.e., if G is nonabelian,
/ q,, ifr=s,
q, = .
pq,, ifr<s,
and v' =puv.

Proof. As an example, we compute v’ = @—f = "—';11 =p '—',Lf = pv. The proof
of the other statements is left to the reader. O

R

Corollary 3.4. In the exceptional case, if j is odd,

/ r (t+1),h;, ift+1#0modr,
h'=(t+1,—)h~= r
S .

f__ (5,20 ) &y, 22)rk,-, ifr>s,
NS NE W I |

( 1) kj’ ifr<s,
/ St + )
qj=—r—,

while if j is even,
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W = 2h;, if j(t+1) is not divisible by r,
- ,  ifj(t+1) is divisible by r,

, ifr>s,

!/
kj=
{kj, ifr<s,
' q,, ifr>sandj(t+1)%0modr,

/ =, ifr>sand j(t+1)=0modr,
2q., ifr<sandj(t+1)#0modr,
4; ifr<sand j(t+1)=0mod r.

In particular,

s(t+1)

, q[=l’ l'fr=(t+l)zs,
q =
: 2>2, ifr<(t+1),s

;
and

' r r

v=(t+1,5)v=5 '

( 2) d 9 mod g, otherwise.

Omod g, ifr>s,
vV =
2

Proof. As an example, we compute again

V.

If r > s, the number (¢+ 1, %) is divisible by q; = (12 $), whence v’ =0

:
mod g, as asserted. Likewise, if r <s, % = (t+1, }), whence v’ =0 mod %
as asserted. The proof of the other statements is again left to the reader. O

4. THE CONSTRUCTION OF GENERATORS

We now return to an arbitrary metacyclic group G given by a presentation of
the kind (0.1), and as before we write e, for the corresponding group extension.
In the present section we construct cohomology classes in H*(G, Z) at a prime
p so that neither the p-Sylow subgroup of G is abelian nor the restriction of
e to the p-Sylow subgroup Kp of K splits.

For a prime p and a number m, as before we denote by m A the p-primary
part of m. We now define the number ordp(m) by

ord (m
m,=p h(m),
We also recall that, in the standard way, from the cohomology of the extension
e the cohomology ring H*(G, Z) inherits a filtration which is natural in e and,
for n > 1, may be written,

(4.1) H'(G,Z)=H""(e)>H"""'(e)2--- 2 H" (e) = inf(H"(K, Z));

as usual, we shall refer to elements in Hi’”_i(e) as having filtration i.
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We now pick a prime p so that v # 0 mod (q,) b and concentrate henceforth
at this single prime. In view of Lemma 2.26 we may assume that G is a meta-
cyclic p-group, and we shall do so until the end of this section. The significance
of this assumption is that it will simplify the exposition somewhat. As before
we shall denote the order of ¢ modulo r,=r by d. It is clear that d > 1
if and only if ¢# 1 mod r, 1.e., if and only if G is nonabelian. As in the

previous section, let G' be the subgroup of G generated by y and x’ = x,
and let

(4.2) ¢€:1-N->G 5K —1

be the corresponding group extension, where K’ = (x'; x* =1). Then the
injection maps i1: G' — G and 1: K' — K yield a morphism

(4.3) (d,1,1):¢ — e

of extensions. It is clear that if d > 1, the order d' of ¢ modulo r is given
by d = pd’, and if we iterate this procedure ordp(d ) times, we arrive at the

subgroup G of G generated by y and X = x?. This group is abelian and
metacyclic, the obvious presentation being given by

(4.4) G=G(r, 5, i, f)=(x,y; ¥ =1, 5=y, 7" =y),
where §=s/d and = ¢ , and it fits into the group extension

(4.5) &1 -N->GEK—1,

where K = (X %= 1) . Further, the injection maps yield a series

(4.6) é (d,e, ~  _(d.1,0 e (Id,1,1) e (Id,t,x)'e

of morphisms of extensions.

Our next aim is to construct cohomology classes for G. To this end we
reproduce briefly the construction of the unitary representation a: G — U(d)
given in Huebschmann [27]: Pick a primitive complex rth root of unity z, and,
furthermore, a primitive complex root of unity z, of the appropriate order so

that z, = zf . Let
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0z, 0 -+ 07
0 0 0 -~ 0
ax)=| . . . |eU@.
. . . e Zx
Lz, 0 0 - 0
It is not hard to see that this yields indeed a unitary representation
a:G— U(d);

details may be found in [27]. For 1< j<d, we write c].(a) € HZj(G, Z)
for the jth Chern class of a. Accordingly, we write z , = z

d
z, =12,
and we denote the corresponding umtary representations of G an d G by
o': G' — U(d') and a: G — U(d) respectively.
We now write c,, C2 =c, , and 63 for the corresponding generators given
in §2 and recall that, by virtue of (2.22), as an algebra, the integral cohomology
H*(é , Z) is generated by these classes subject to the relations

rfzz(r,f,f)cx, §c, =0,
(4.7) N . N " — 1) . 2
<§=f¥cz(cz+<m> ).

spelled out as (2.24), where s = @ s . Notice that in this case

hiy=r, v=f, (él,ﬂ)=(r,5,f).
For j > 1, let
@8 &, =0"'4en” (G, z), {,=8eHYG. 2).

Then it is clear that, as a graded module over the cohomology ring H* (K Z) of
the quotient group K= Z/5, the integral cohomology H* (G Z) is generated
by the classes C2 and 62 InE

We now carry out our construction of cohomology classes for G. As before
we shall denote the transfer in group cohomology from a subgroup H of G by
T - - We begin with the construction of odd degree generators in the typical

_ g 2j+1
(49) 62_,'.,.1 = TETG(éZI'H) €H (G’ Z)
However, if f, > § = 7, tracing (4.6) backwards we will encounter a split
extension e before we reach ¢, and we proceed otherwise; we shall comment
on this in (4.20) below: Let

(4.10) o=
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ag

and let G, be the subgroup of G generated by y and x, = x". It is still

metacyclic, the obvious presentation being given by

N
<
Q

-1
411) G, =G(r, f,, ", [)=(x,,y; V' =1, xr =y, x,yx; =y"),
and it fits into the group extension

. pr
(4.12) e,:1—-N—-G —K —1,

where K is the subgroup of K generated by x, . Furthermore, it is clear that
the order d of t” modulo r isgivenby d = od,, and by hypothesis d_ > 1.
By construction it is clear that the extension e, splits. In fact, write

51

ag

L+ () 4+ + VT =0+ )+ (Vv
then xay_Uf/fP € G, has exact order j;. For 1 <j<d, we now take
2j+1
(4.13.1) &1 = T6,16((&5y01),) €HTT(G, D),

where the classes (¢, ; +1), refer to the corresponding generators given in (2.8).

In the exceptional case, we observe first that, since ¢ = £* = 1 mod 4,

the restricted case e’ is typical; hence we may assume that classes
/ 2j+1,
& €HT(G , 2)

have already been constructed. For 1 < j < d, we then take

2j+1
(4.13.¢) &1 = Ta16(&,) €HYT(G, Z).
We record that, by construction, for 1 <j<d,
-1
(4.14) resg o (&ye) = (L+ X+ + X7 )&

The construction of the even degree classes is more complicated and pro-
ceeds by induction as follows: Consider the extension (4.1) labelled ¢’ above,
and suppose by induction that classes {;; € HY(G', Z) have already been con-

structed. The induction starts at G. For 1 < j < d, let
.
(4.15) by = 1g16(8) €HY(G, Z),
unless we are in the exceptional case with j odd; then it is clear that
(4.16) resg o (() = (L+ X+ +x" 7))

In the exceptional case with j odd we proceed as follows: Recall that the
modulo 2 Bockstein exact sequence looks like

—H”"G,z22) L 8YG) - HY(G) - HYG,Z2/2) — -

We recall from Theorem E in our earlier paper [30] that the modulo 2 coho-
mology of G is as an algebra generated by classes w,, C,, w,, E;, C,, the
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degrees of which are indicated by their subscripts; we have chosen capital let-
ters to avoid conflict with the notation in the present paper. For j odd and
1 < j<d we now take

Pt 2
(4.17) {,; = B(@w,C,7) e HY(G);

by construction it is then clear that ¢, ; has at most order 2 and inspection of
the commutative diagram

HY"Y(N, 2/2) —£— HY(N)

res T res

HY NG, z2/2) —2— H¥(G)
then shows that .
res((,;) = Ec;.

In particular, (, ; has exact order 2.
Next, returning to the general case, in dimension 2d we take

(4.18) Ly =1, (0) e HY(G, Z),
—b . . b d'ﬂ’-’—_—l) .

where ¢t is defined by the requirement that ¢ = ¢ 2 . this makes sense
since the latter is a unit modulo p. By Corollary 4.5 of [27] we then have
resg ¢ () = {54 » Whence
(4.19) T16(Coa) =P oy
Finally, if j>d,write j=kd+i, 0<i<d, and let

— { zgd_lé‘Zd+l € H2j+l(G’ Z)$ ifi= Ov
PR kg, BTN G, Z),  ifi>0,

&= Cfdczi cHY(G, 2).

By construction the classes {, ; and £, i1 have filtration 0 and 1 respectively.
For later reference we record the following:

(4.20)

Proposition 4.21. (1) For j > 1, resGlG,(ész) =(1+x +~-~+x”_l)§;j+l.

(2) For .] > 1, TG'TG(é;j+]) = ﬁéj_H-
(3) In the typical case, for j > 1,

resg g (L) =(1+x+-- + xp_l)C;j ., Wwhenever j is not divisible by d

while resg 6 ($y)a) = C;jd.
(4) In the exceptional case, for j even,

resg, g (6y;) = (1 + x)C;j , Whenever j(t+ 1) is not divisible by r,

while tesg ;(Cy;) = &y if Jj(t+1) is divisible by r.
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(5) In the exceptional case, for j odd, the class ¢, ; has exact order 2.

Finally we spell out some useful information about the integral cohomology
spectral sequence E;’*(e ,d ”) of the group extension e which may be deduced
from the above construction of generators. The notation will be the same as
that in (2.1); we remind the reader that (2.1) gives E, in the general case.

Proposition 4.22. (1) For j > 1, the class resg y()) coincides with ¢,; = ;{—c;
J
perhaps up to a unit at p. Consequently in the cohomology spectral sequence

E**(e, d)), the graded group E5 """ consists of infinite cycles only.
u u 2

(2) For u > 2, the groups
than into a quotient thereof).
(3) Under the combined map

(4.23) H"¥(G,Z) —

odd,
E2 even (

rather

Ezdd’we“ inject into the groups

1,2j

5
[e o]

1,2j
(e,Z) — E,

of this injection with the obvious surjection H"¥ (G,Z2) — E(L; 2 (e, Z) the
classes &,;,, are mapped to

4 T jooopli2)

—w.c €E

(V s ql) kj Ty 2

In particular, the latter are infinite cycles.

-H'(x,HY(N, 2)).

Notice that in the exceptional case ¢, = 2, (v, ¢q,) =1, and that in view
of (2.1), for j odd, the above says that the classes &, j41 are mapped to 0 €

E,;Y =H'(K,HY(N, Z)).

Proof. Repeated application of the relevant statements in (4.21) (involving the
classes {, j) and (3.1) shows that, for j > I, the class resg y({, j) coincides

with ¢, i = th; , perhaps up to a unit at p. Hence, in view of the multiplicative
J

structure, a formal spectral sequence argument shows at once that
consists of infinite cycles only. This establishes (1). Likewise, since (1) has
already been verified, a formal argument shows that, for u > 2, the groups
E2®" jnject into the groups ES*® '™, whence (2) holds.

We verify statement (3) by induction. We observe first that, by construction,

for j>1,

Eeven ,even
2

52 i = (r—sf-?ja)xci + terms of higher filtration.
Now §, =(r,5)=k; and (7, 4,) =(r,3, f), whence indeed

~ q1 r Jj . .
. =-———w._c + terms of higher filtration.
2j+1 (V s ql) kj Ty &

Likewise, leaving aside the exceptional case for the moment, assume that j; >
§ = 7, and consider the above split extension e, , where o = 7‘; . The corre-
sponding classes (¢, i+l ), have been defined by means of (2.3), from which we
deduce the requisite statement right away. Hence the induction starts.
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Still being in the typical case, we now assume that under the corresponding
morphism (4.23') (where “ ' ” refers to the morphism (4.23) for the extension
¢’) the classes &, j+1 are mapped to
li
q, r j 1,25, 1 1, 2j
1~ w.leE Y¢€,2)=H (K',H'(N, Z)).

gk X
This implies that, for 1 < j < d, under (4.23) the class ¢,;,, = TG/TG(§;j+])
goes to

!

q, - r j 1,2j 1 2j

W’l—q’“)TK'TK (7(-, wx,c;) €E,7(e,Z)=H (K,H’(N, Z)).
s 41 j

To compute this class in terms of the undashed data, we observe first that, in

view of (3.3),

q, rp

—— = ifr>s
_q r_) Pralk =4
', q)) k] _Ph T s v, q))k;
(pv,paq)k;

Furthermore, a calculation on the E,-level shows that
T @pC) = o) € BV (e, Z).

For completeness we reproduce it here: Take

E}'Y (€', Z) = Hom,. (M(K), HY (N, Z)),

E}'¥(e, Z) = Hom, (M(K), HY(N, Z)),
and let

Q: M(K), = ZK — HY(N, Z)

be the cochain which sends 1 to 1 and is zero on the other generators of ZK
as an abelian group. Then w . and @, may be written

s =1 s—1

w;=(1+x’+...+x )Q’ wx=(1+x+...+x

X )Q,
whence
W, =1 +x+ - +x" oy =10, (@)
Hence &, i+l behaves as asserted.
In the exceptional case, the restricted case e is typical, as we have already
seen. Assume first that r > s; in view of (3.4) the extension ¢’ then splits, and
under (4.23") the class é;j +1 Boes to

woc e EyYEe,2)=H (K, HY(N, Z)).

r
7
kj

However, g, = 2 and, in view of (3.4),

r { q,F, if jiseven,

JR— J

k'

J

q,%, if j is odd,
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whence, for 1 < j <d, under (4.23) the class &,;,, = rG,TG(C;}.H) goes to

rKTK(qlk ')—q,kwc €E,¥(e,Z)=H'(K,H'(N, 2)),

if j is even, and to
Tk (45 00g) =4, 50,0 € B (e, 2) = H'(K, HY(N, 2))

otherwise; however, the latter is zero in view of the description of E, given in
(2.1). Finally, we assume that r < s. Since the restricted case ¢ is typical,
by virtue of what has already been proved, under (4.23') the classes é; 41 are
mapped to

1,25

> 9 )%w e EyY(e, 2)=H'(K', HY(N, Z)).

However, g, = 2 and, in view of (3.4),

@ r_(ns) a4 r
(u’,q{)k}’. d (t+1,5)k
whence, for 1 < j <d, under (4.23) the class ész = rG,TG(.f;jH) goes to

g (@, 0¢)) = q o.c) € EyY (e, Z) =H' (K, HY (N, Z)).
For j odd, in view of the descnptlon of E, given in (2.1) the latter is zero,
while for j even, in view of (3.2), kj =(r,s)=r, whence q, = q, I’;
Finally, an argument involving the multiplicative structure completes the
proof. We leave the details to the reader. O

Remark 4.24. If j; > § = 7, we cannot recover the infinite cycles

(Vqlq)kiw deEyY =H' (K, HY (N, 7))
S WAAT

J

by means of the transfer from the cohomology of the subgroup G (given by
(4.4) above). This explains why under these circumstances we constructed the
classes &, j+1 Dy means of the transfer from the cohomology of the subgroup G,
(given by (4.11) above). On the other hand, still in the situation where fp >§,
we have, up to a unit,

TETG (52]) =(C21)g ’ lf] ¢ OmOdp:
unless p=2, r>2, t=-1mod r, and j is odd, TGTG (Czp) (CZp)a , etc.

Remark 4.25. In Theorem B of [27] we proved that E;"" " consists of infi-
nite cycles only by an argument different from the one given above.

5. CHARACTERISTIC CLASSES

In this section we compute certain characteristic classes introduced in [26].
Under the present circumstances these classes govern the first nonzero differen-
tials in the integral homology and cohomology spectral sequences of the group
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extension (0.2). In (5.1) some preliminaries will be given. In (5.2) we review
briefly the characteristic classes. In (5.3) we compute the Ext-groups in which
the characteristic classes assume their values. In (5.4) we compute the homology
characteristic classes and in (5.5) the cohomology characteristic classes.

5.1. Preliminaries. As already indicated, we now take the ground ring R to
be the integers Z. To have available an appropriate language, we need some
preparations:

With the notation introduced in §1 above, the standard small free resolution
for a cyclic group Q = (z; z%) may be described as the chain complex that
underlies the differential graded algebra

M(Q), d) = (I'u,] @ Alv,]) ®, 20,

whose differential d is given by

-1

Ay, () = ), (L+ 24+ 2°7),

d(y;(u)v, = (y(u))(z-1), 120

here and henceforth we discard the tensor product symbol and write u,v, =
u,®wv,, etc. It will be convenient to write M”(Q) =ITu,]®Alv,] and M(Q) =
M'(Q) ®, RQ.

The dual M(Q)" of M(Q) may be written M(Q)" = P[c,] ® Alw,] ® (ZQ)",
where ¢, and w, denote the duals of u, and v, in the basis of monomials,
and where P[c,] is the polynomial algebra on c,. It is well known that, with
an abuse of notation, as a ring, H'N = Ple,1, while as a graded module, for
i>1, Hy,, |N= (Z/r)((yi_l(uy))vy) and H, N =0.

At the risk of making a mountain of a molehill we recall that the conjugation
action of G on N given by w — xwx ™! , w € N, induces an action of
K = (x; x°) on the left of N and hence on the left of H N and the right
of H"N. We note that, K being abelian, the distinction between “left” and
“right” amounts to a consistent choice of signs. These actions of K on H'N
and H N are given by the rules

(5.1.1) ¢, ox=tc,, x-((7_u)v,)="1(r_u)v,, i>0

It will be convenient to treat H N as a right K-module as well, with respect to

(5.1.1) (i yuv,) - x =" (y,_uv,, i>0;

we note that ¢~' makes sense modulo r.

Let A be an abelian group whose exponent divides the number ' — 1, e.g.,
A=1Z/r. For je€Z, we shall write A(j) for the ZK-module which as an
abelian group is just 4 and whose K-structure is given by letting the generator
x of K =12Z/s act by multiplication with ¢/. Notice this makes sense for
negative j also if we use the convention A(—1) = A(s—1), etc. With this
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notation it is clear that, for j > 1, as right K-modules,

(5.1.2) H”"N = (Z/r)(j),
(5.1.3) =(Z/r3),
(5.1.4) Hy, \N=(Z/r)(-)),
(5.1.5) H,,N = (Z/r)(-)).

For later reference we record the following:
(5.1.6) When (A4(j))®" is equipped with the diagonal action then

AU = (A®)3)).

(5.1.7) When Hom(A(i), A(j)) is equipped with the diagonal action, that is,
for y € A(i) and ¢ € Hom(A(i), A(j)), the result (x¢)y is given by

(xg)y =x¢(x"'y) or (px)y = (p(rx)),
according as A(i) and A(j) are viewed as left or right (ZK)-modules, then

Hom(A(i), A(j)) = (Hom(4, 4))(j —i).

-1

5.2. Characteristic classes. We denote the integral homology and cohomology
spectral sequences of the group extension (0.2) by (E; . d") and (E”,d),
respectively. In [26] we introduced suitable characteristic classes. Since the
integral homology of a finite cyclic group vanishes in even positive degrees and
since its integral cohomology vanishes in odd degrees, under the present cir-
cumstances these classes read

v! € Exty(H'(N), H' 2 (N)), ¢ >2,
and
wy € Exty (Hy(N), H,(N)), wi € Exty(H,(N), H,,,(N)), g¢>1.
Moreover, there are pairings
u: BV @ Exty (HY(N), H' 3(N)) — EEYH972 0 g > 1,
u: Exty(Hy(N), H,(N) ®E2 g — E._, |,

3
p: Exty(H,(N), H, ,(N) ® Ep —E

g p-3.q+20 421,

so that, up to sign, for p > 2, the differential d*: E? 2.0 E;—Z,l is given by

2
d:,u(w2 )E —)Ep21’

and so that, for ¢ > 1 and p as appropriate, up to sign, the differentials d,
and d° are given by

) 3,92 3
dy=p(-0v): E0 — EZ7 . P =pwle-)El  —E._; .,

More details may be found in [26].
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5.3. Free resolutions for the (co)homology of N . In the present subsection we
compute the Ext groups in which our characteristic classes attain their val-
ues. We do this by means of appropriate free resolutions. For brevity, we
restrict attention to those Ext groups needed later in the paper. However,
it would be easy to push further and give a complete computation of, e.g.,
Ext;K((Z/r)( J), (Z/r)(j +1)) forany j, k, /. For convenience, we shall write
H, (N)=H,(N,Z) and H'(N)=H"(N, Z), and we shall treat them both as
right (ZK)-modules, as indicated in (5.1) above.

For j >0, let
J\S
-1 _ _
a,+=(t)r C b =) T ) T
a =-a", by =1+ (Fx)+-- +('x)
Then

bi(x-t)=1-() =-ra;,

b (fx—1)=() - 1=—ra;.

We remind the reader that the numbers £ D kj, g have been defined in the
Introduction.

Let j > 0. Using, e.g., a filtration argument, it is not hard to see that the

chain complex
(bj. . ) <x—tj r)
j + 3+
aj x-t -a; b

(5.3.1)
is a free resolution of (Z/r)(j) in the category of right (ZK)-modules. Likewise,
the chain complex

(x=t',r)

(Z/r)(j) — ZK (zK)’ (zK)* (ZK): — ..

(ljx—l,r)

(Z/r)(~j) & ZK (ZK)’

(5.3.2) by -r dret r
a; x-1 5 ( -a; b,') .
(ZK) (ZK)" — -
is a free resolution of (Z/r)(—j) in the category of right (ZK)-modules. Notice
that for j = 0 the two resolutions coincide. We mention that here the elements

of (ZK )2 are identified in the usual way with column vectors with two entries
from ZK, and the differential in the resolutions is given by the usual matrix

multiplication (: :) (:) = (:) . o
Proposition 5.3.3. (1) With reference to the trivial K-action on Z, the group
ExtiK((Z/r)( 1), Z) is cyclic of order q,, generated by the class t, of the cocycle

-t r\. 2
<h—l,h—l).(ZK) Z
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(2) For j > 1, the group Ext;K((Z/r)_(j), (Z/()(j- 1)) is isomorphic to
(Z/q,) x (Z/q,), generated by the classes T and T} of the cocycles

r _ 2 .
(k_l’o)'(ZK) @G-
and |
=1 r\ . 2 .
(15 ) @ —@mi-,

respectively.
(3) For j >0, the group ExtéK((Z/r)(-—j), (Z/r).(—j — 1)) is isomorphic to
(Z/q,) x (Z/q,) , generated by the classes ¥} and 8} of the cocycles

r , 2 .
(£+0): @&? — @in=i-1
and |
L= ry . 2 .
(15 ) @’ —@mei-v,

respectively.

Remark 5.3.4. Since g,r/k, =h, = (t—1,r), forany / and j, the class 13
is as well represented by the cocycles

11—t r\ . 2, .
(5 ) @’ — @i -

and

i,
(z”h L hi> L (ZK) — (Z/n( - 1).

1 1
Likewise, for any / and j, the class 6; is also represented by the cocycles
r.t—1 r 2 .

(45 ) s @k — @mi-i-n
1 1
and A
-1 r 2 .
—, —]: — —j=1).
(t o hl) (ZK) (Z/r)(-j-1)
Similarly, for any /, the class 7, is represented by the cocycle

1=t r. 2
(th—l, h_l)'(ZK) Z.

Proof of 5.3.3. The group Ext),((Z/r)(1), Z) is the homology of
1—t r bt —r
(5t 0) ( o)

ZxZ ZxZ

ZxZ,
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s—1

where a;“ = =L and, with a slight abuse of notation, b1+ = l+t+---+t . Now

r

—-r . u r . 1—t r
the kernel of ( - ) is generated by ( o E)’ and the image of (_ + )

al bl
k (1-1) ) (1—1 r)
k) = e (— )
( r ! P\ hy 7 hy
This proves (1).

Likewise, for j > 2, the group EthK((Z/r) ,(Z/r)(j — 1)) is the homol-

ogy of
(Z/r) < (Z]r) Ltbo)—» (Z/r) x (Z]r) <Z'—0">,

where, with a slight abuse of notation,

is generated by

(Z/r) x (Z]r),

=1
a. = =] p EZ/",
bj*_'=tj(s—l)+t Js=2)+(i— )+'~-+t(j—1)(s_l)

=" +t+--+7 ez

+

b0 . J=1.1_
Now the kernel of ( o o t,-> is generated by (kLI, 0) and (¢ 117,—’, ZrT)’

. d-d o
the image of TR
—-a; b )

J

_ ts—l A4t s—1
( J’ 1) - r 5 (+ +---+t )

1-j o1 (=1 s—1
=t —jt — )+ttt T)).

s—1

Since A, =(t—-1,r), ky=(1+t+---+¢ ",r),and ¢q, = —ka , the image of

(tj_' - O)
+ +
-a; b].

is also generated by (h,, 0) = g, (ﬁ , 0) and

j-1.1—1 _ j-1 1=t r
(t .] kl 9k1) _ql (t .] hl s h1>

In view of (5.3.4) this proves (2).
The proof of (3) is virtually identical to that of (2). Details are left to the
reader. O

) is generated by (tj Ly ,0), and

It seems worthwhile relating the groups Ext; K(sz N, HY N ), j>1,with
appropriate Ext groups defined over Z/r ; this will be relevant for the calculation
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of the class v32 (e, Z): It is readily seen that, for j € Z,
(5.3.5)

+ +

x=t x—t

0 — (Z/r)(J) — (Z/r)K —— (Z/r)K — (Z/)K —— (Z/r)K — ---
is a free resolution of (Z/r)(j) in the category of right (Z/r)K-modules. Hence
Proposition 5.3.6. For j€Z and i > 1, the groups

Extx (Z/1)0). (2/r)( = 1)
are cyclic of order q,, generated by the classes [h’—l] for i even and [7:_1] for i

odd of the cocycles of (5.3.5) which send 1 € (Z/r)K to ;1’—1 and kLl respectively,
as indicated.

The suspension s(5.3.5) of the free resolution (5.3.5) of
HY™\(N, Z/r) = (Z/n)()
may be embedded into (Z/r) ® (5.3.1) by means of the map which in dimen-

sions > 1 sends the generator 1 of (Z/r)K to (?) € ((Z/nK )2, and there
results the short exact sequence

(5.3.7) 0 — 5(5.3.5) — (Z/r) ® (5.3.1) — (5.3.5) — 0

of chain complexes in the category of (Z/r)K-modules. Here the quotient
(5.3.5) is to be viewed as a free resolution of H2’(N , L/r)=(Z/r)(j) in the cat-
egory of right (Z/r)K-modules. Notice that the long exact homology sequence
of (5.3.7) yields

Hy((Z/r) ® (5.3.1)) 2 Hy((5.3.5)) = sz(N, Z/r),
HY™'(N, Z/r) = H,(5(5.3.5)) 2 H,((Z/r) ® (5.3.1));
now by standard homological algebra
H,((Z/r) ® (5.3.1)) = Tory(Z/r, H'N),
and (5.3.7) identifies in particular the two groups HY _I(N ,Z/r) and
Tory(Z/r, H'N).

In dimensions > 0, part of the long exact homology sequence of (5.3.7) with
coefficients in any (Z/r)K-module U looks like

Exty, , (H”N, U) - Exty (H'N, U)
—1 2j—1
5 Extg,xH' (N, Z/r), U);
notice that since U is supposed to be an (Z/r)K-module, the obvious maps
H'(K , Hom(H” N, U)) = Ext,(Z/r, Hom(H” N, U)) — Ext,, (H” N, U)

and

(5.3.8)

H ™YK, Hom(H” ", U))

= Exty (Z/r, Hom(H” ™'

2j-1

, U)

. U)) — Extg),

x(H
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are isomorphisms of (Z/r)-modules; here, for short, we have written
HY '=HY"Y(N,Z/r).
Proposition 5.3.9. (1) The composite
Ext), (H’N, H'N) — Ext), (H’N, H'(N, Z/r))
=, Extiy g (H' (N, Z/r), H(N, Z/r))
sends 1; to [;,’T].
(2) For j >2 and
U=H""N=H"T7(N,Z/n=2/nG-1),
we have K(Té) = [h’—l] and 1([751-]) = fﬁ, where the tacit identifications
HYN =H¥(N, Z/r) = (Z/r)(j) are made.
Notice that, in particular, for j > 2, there results a split short exact sequence
0 — Exty (HYN, HY7?N) - Ext (HY N, HY*N)
— Extp (HY™'(N, R), HY’N) = 0,
where we have written R =Z/r for short.

Proof. The statements as to ré follow at once from (i) the commutativity of
the diagram
J b,

Z/mk Z @Z/nKk —— (@K

()] ()] ()]

(Z/nK)® — (Z/nK)’ _ (Z/nK)’
i x—t' 0

4
a; x—t albj

which displays the embedding of s(5.3.5) into (Z/r) ® (5.3.1), and (ii) the def-
1-t j

inition of the cocycle representing 13 In fact, (t’ Lj j W ) represents rg s

and 11—t r r |
i-1.1—
() ()=

h
Likewise in each dimension the projection (Z/r) ® (5.3.1) — (5.3.5) isgiven
by the matrix (1 0), and the cocycle (1 0) 7(’—1 = (£ 0) represents the class

(Z/r)K

(x_tj ,0)

=)
#. 0

5.4. The characteristic classes for homology. In this subsection we exploit the
recipe (3.5) in [26] to compute the homology characteristic classes. As in §2 (cf.
what is said after (2.14)), we shall write v = ﬂ",#l , where f is the number
occurring in the presentation (0.1). For convenience, we proceed with right
modules rather than left ones, and we depict diagrams with right arrows rather
than with left arrows as we did in §3 of [26].
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We shall write H (N) =H_ (N, Z). Since the integral homology of N is
trivial in even positive degrees it is clear that, for j > 0, the classes

wj(e, , Z) € Exty (H.N, H;, | N)

are zero, and hence the classes

j 3
ws(e, , Z) € Exty (H,N, H, ,N)

are defined for j > 0 and nonzero at most for j odd. Before we spell out
the main result of the present subsection we recall that the standard small free
resolution of the integers Z in the category of right (ZK)-modules looks like

x—1 T4x+-4x"7" x—1

(5.4.1) 077K 7 QS

In particular, with the obvious identifications
Hy(N)=Z and H,(N)=(Z/r)(-1),

the group ExtéK(HoN , H;N) is cyclic of order g, , generated by the class [;l’—l]
of the cocycle of (5.4.1) which sends 1 € ZK to i € (Z/r)(—
Theorem 5.4.2. The possibly nonzero characteristic classes in the homology of
the group extension e, with integer coefficients are given by
(1) wyle,, Z)=v[f]€ EthK(H N, H,N) = (Z/q,)([£)). and
2) wy” l(ey, Z)= ms; € Exty(H,, N, H,\N)
= (Z/9,)(8}) x (Z/q,)(93), where j>1.

Proof. To prove (1) we denote as usual the augmentation ideal, i.e., the kernel
of e:ZG — Z, by IG and observe that in /G ®,, Z the relation

€

(x4 42X -Do D) = flr-Del) = v -Del)
holds, whence a corresponding diagram [26, (3.7)] looks like
s—1
0 € z x=1 ZK I4+x+-+X ZK x=1 ZK
ldJ Idj (x—h@ll v 1’(')1
0 V4 ZK IG®,y L 1 (Z/r)(~1) ——— 0.

In view of recipe (3.5) in [26], this proves at once statement (1).

To prove (2) we construct a corresponding diagram [26, (3.8)] for s = 3 as
follows: Consider the chain complex M(G)®,, Z arising as indicated from
the Wall resolution M(G) for G given in §1. It is clear that, for j > 1, the
chain (yj_l(uy))vy is a cycle, and that

H,,_|(M(G) ®,y Z) =H,;, | N = (Z/r)(-]),

2j—-1
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generated by the class of (y j~1(uy))vy . We now denote the chains and cycles

of M(G)®,yZ by C, and Z, respectively, and we observe that, for j > 1,
M(G) ®,y Z gives rise to an exact sequence

d
(5.4.3) 0—Hy N2, , —Cye—Cy, —2Z

2j-1 2j+1°

For ease of exposition we spell out the crucial step of the proof as the following.

Lemma 5.4.4. Let j 21, and define morphisms ¢,, ¢,, ¢,, and ¢ by the
formulas

b0 = (v, (u))v,) (matrix with a single entry),
¢1 = (vx(yj_l(uy))vy, yj(uy)) s
by = (u, (v, (w)))v),, v, (7;(1,))) s

. Jjs _
¢ <(1)> = u (7;_ (u,)v,)(t' x — 1)+ " L

v, (7,(1,)),

s—1

2 (?) = ruy(7,_y (u)v,) + v, (7)) (1 + (Fx) + -+ (x) ).

Then (¢y, ¢y, b,, #5) is a lift (5.3.2) — (5.4.3) of the identity map, i.e., a
commutative diagram

i—1 — Gy — C2j+1 — Zyjs1

in the category of right (ZK)-modules.

Here the free modules ZK , (ZK )2 , etc. are identified with column vectors as
usual, and, whenever appropriate, morphisms are given by matrix multiplication
(: :) (:) = (:) as usual.

The lemma is proved by direct inspection; we leave the details to the reader.
Notice that the bottom row of (5.4.5) is exact because N has no homology
in even degrees. Notice further that the lemma says that our free resolution
(5.3.3) of H),, \N= (Z/r)(—j) recovers a certain piece of the chain complex
M(G)®,yZ. O

Proof of (5.4.2). By virtue of the formulas for the differential in the Wall reso-
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lution given in (1.1) and (1.2), in M(G) ®,, Z we have

(5.4.6) |
{ ux(yj_l(uy)vy)(tjx - 1)
d(uv, (v,_(u,)v,)) = js _ .
e () - 0 0,0,
0 )1+ (Ex) ++ ()

+ru (v, (w,)v,) = f(v;(w,))v,.

t-0f
r

(5.4.7)  d(u(y,(n)) = { O

Hence

1 .
63 (o) = a0 = 1)+
represents the same homology class in M(G) ®,, Z as

j=0f

3=, w)0,) = it s

and

95 ((1)) = 1 (7, (,)0,) + U, (7, ) (1 + (£'x) + -+ + @’

represents the same homology class in M(G) ®,, Z as

Fy(0,)10, =¥ = 050,

(t=1,r

In view of Remark 5.3.4, the definition of the classes 6{ and 5; in (5.3), and
recipe (3.5) in [26], we conclude that wy’ ™' = v®) as asserted. O

Remark 5.4.8. Since N is abelian, the class wg (e,, Z) is the usual class of the
group extension. In fact, the 2-fold extension

0—Z - ZK —IG®,,Z (Z/r)(~1) — 0

(y-1®1
occurring in the proof of (5.4.2(1)) above is just the corresponding object con-
structed in IV.6 of Mac Lane [39]. Such a remark applies to any group extension
e with abelian kernel. This shows how our classes generalize the concept of the
class of a group extension with abelian kernel.

To express the requisite computations for cohomology concisely, we now
compute our homology characteristic classes with coefficients in Q/Z , equipped
with trivial G-action: It is clear that with these coefficients, for j > 1, the chain
17,(u,) is a cycle, and that

H,,(M(G) ®,y (Q/Z)) = H,;(N, Q/Z) = (Z/r)(-})

generated by the class of }y j(uy) . Moreover, it is also clear that, for j >0,

H,,,,(M(G) ®,, (Q/Z)) =0.
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Theorem 5.4.9. The characteristic classes w:{ (e,, Q/Z) in the homology of the
group extension e, with coefficients in Q/Z are zero for j odd, while for j > 1,

wy' (e, , Q/Z) = v¥} € Exty (H, (N, Q/Z), H,,,(N, Q/Z))

= (Z/4,)(9}) x (Z/q,)(83).
Proof. 1t is clear that the classes wé (e,, Q/Z) are zero for j odd. To see that

the classes wfj (e,, Q/Z) assume the asserted values we proceed as follows:
Define morphisms ¢, ¢,, ¢,,and ¢, by the formulas

by = (7,(1,))

¢ = (Lo, r,,)) ,

6y = (L () + 4, (,)

¢3= (%ux(y,-(uy))(zfx— D+ 4, @) (Ex=1), L ,+1(uy)) .
Then
(5.4.10)

(ZK)?

ldl PIJ (pr,O)l (1 ,0)1 lld

. 3 Yx—1 b Ex=1 1) 2

(Z/r)(=j) +~— (Z/nK —— (Z/nK — ZK (ZK)
ldJ ¢6l ¢'.l ¢'ZJ Pz

Hy (N, Q/Z) —  Z; — Gy — Crjn2 — Zyis2

d
is a commutative diagram in the category of right (ZK)-modules. By virtue of
the formulas for the differential in the Wall resolution given in (1.1) and (1.2),
in M(G) ®,,y (Q/Z) we have
(1)) = { Lu (7;(u)(x = 1) + Lo (7,(u,)v,
U+ DL, (),
: 1
(5.4.12) d(bv,,,,(u) = —Lv (7w ), + 4, @) x = 1).
Hence the two chains
- ' 1
JUERLLy u)x+ (Px - THEM Ly ()

(5.4.11) d(tuv.y;

rox-x

r
and
1 fx-1) 4 ’x-1
Lu (7, (u,))(¢'x = 1) + A7), () (Fx = 1)
are equivalent modulo boundaries. Moreover, in view of the right ZK-module
structure on

H,,,,(M(G) @,y (Q/Z)) = H,; ,(N, Q/Z) = (Z]r)(-j = 1)
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and, moreover, of Remark 5.3.4,

=1

whence
by (5) = 1 ;@) x = 1) + £, (w,))(Fx = 1)

represents the same homology class of
H2j+2(M(G) ®ZN (Q/Z)) = H2j+2(Ns Q/Z)

as j u—y +1(“ ). In view of the definition of the classes 195' and t§§ in (5.3)
and recipe (3 5) in [26], we conclude that

wy =w(e,, Q/Z) = v9) € Exty, (H,(N, Q/Z), Hy;,(N, Q/Z))
= (Z/q))(3}) x (Z/4,)(83)

as asserted. O

For later reference we record that in terms of the Yoneda theory the class
w3 ,» Q/Z) is represented by the 3-fold extension

(5.4.13) 0—H, — 2, —C

2j+1

—D —H —0,

2j+3 2j+2

where we have written

sz = sz(Na Q/Z),
Dy 5= coker(d2j+3),

Hyjpn = H,, 2N, Q/2).

Since the diagram (5.4.9) is commutative, the class wij (e,, Q/Z) is as well
represented by the 3-fold extension
(5.4.14)

b

0 — (Z/r)(=)) <= @K 22 2K — D, , —H

— 0,

2j+3 2j+2

where b; is induced by bj_.

5.5. The characteristic classes for cohomology. In this subsection we exploit
Theorem 5.4.9 in order to compute our cohomology characteristic classes. As
fi=1

in the previous subsection, let v = {!=12) 'where f is the number occurring in

the presentation (0.1), and let e, denote the corresponding group extension. We

remind the reader that, for degree reasons, the characteristic classes vf (e,,Z)
in the cohomology of the group extension e, with integer coefficients are zero,

and so are the classes v2’ +1(ey ,Z) for j>0.
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Theorem 5.5.1. The characteristic classes vi = 1)32’ (e,, Z) in the cohomology of
the group extension e, with integer coefficients are given by

(1) v32——ut3€EthK(HN H'N) = (Z/q,)(x3), and
(2) vy = -v7} € Exty, (HYN, HY7’N) = (Z/q,)(#) x (Z/q,)(7}),
where j > 2.

Proof. Recall the description [26, (2.5)] of the class vgj , j > 1, as the class of
a certain 3-fold extension: Let ¢: P = P;(Z) — Z be a free resolution of Z in
the category of (ZG)-modules. Then the chaln complex

(5.5.2)

dZ} 2j—1

Z) — Hom, , (P,;, Z) —— Hom,, (P.

-+« Hom,, (P. 2j 2j-1>

2j+1° Z) —--

computes H*N and inherits a K-action. Moreover, since H* N is zero in odd
dimensions, for j > 1, there results the 3-fold extension
0 — HN — ker(d”) — Hom,, (P

2j—1> L)
— coker(d” ™) — HY’N —0

(5.5.3)

which by means of the Yoneda theory represents the class v32j .
Let (¢,, ¢,, #,, #;) be a solution of the extension problem

<b,+ = > <X_tj ; >
i j + 4+
€ (x=t',n) , \a x=t , \74 0

HYN ZK (ZK) (ZK) (ZK)?
(5.5.4)
IdJ d’ol ¢|J' ¢2JI 4)31
HYN KY L, p¥? —— HYWN;
j— bl
here we have written
k¥ =ker(d”), L, ,=Hom,, (P, ,,Z), DY ?=coker(d”™?
= ) 2j—1 = v\ 15 &) = .

Such a solution exists because the bottom row is acyclic. For convenience, we
shall henceforth write M, =d,(P,) C P,_,; then ker(a’zf ) =Hom,\(M,;,Z).
When we take (5.5.4) modulo r we obtain, in particular, the commutative

diagram
(5.5.5)
(4.2 (=8)
: . at x-t —a}' b;'
HY YN, Z/r) —— ker(x -/ 0) — : (Z/r)K)* (Z/rK)*

.| | .| .|

HY YN, Z/r) —— H — c HY 72N,

where we have written

H =Hom,, (My,_ ®(Z/r),Z[r),  C = (coker(d” %)) ® (Z/r)

for short and where ¢, denotes the induced map on cohomology. We claim
that ¢, is necessarily the identity map. In fact, the top row of (5.5.4) may be
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viewed as the beginning of a free resolution of H %N in the category of abelian
groups, and so may the bottom row, when we discard the kernel H 27IN . The
standard comparison argument implies that ¢_ is an isomorphism, and we may
assume things have been arranged in such a way that ¢, is the identity map.

The embedding s(5.3.5) — (Z/r) ® (5.3.1) explained in subsection 5.3 (cf.
(5.3.7)), factors through the top row of (5.5.5), and hence combining (5.5.5)
with this embedding yields a solution of the extension problem

. x—t/ b
HY"Y(N,Z/r) —— (Z/)K —— (Z/)K —— (Z/r)K

| l l 1

HY"YN,Z/r) —— H « C —— HYN,

which is now entirely phrased over Z/r as ground ring; for completeness we
mention that, as before,

H =Hom g, (M, ®(Z/r),Z]r), C= (coker(dzj_z)) ® (Z/r).

Hence the solution of this extension problem yields the class
2j-1 2 2j-1 2j-2 ~
vy (e, Z/r) € Extyg (H' (N, Z/r), H' (N, Z/r)) 2 Z/q,.

To compute the class vzl (e,, Z/r), define a morphism
D:IG®,y (Z)r) — Z]r
f (Z/r)-modules by means of the formulas ®(y — 1) =1 and
f, ifl=0,
0, ifl</i<s-1.

Henceforth we use the convention (®)(1) = @, etc. Inspection shows that the
diagram

O(x — 1)x’={

€ x—t

0 —— Z/r < @Z/K D Z/nK — (Z/nK

ldl (d))l —fxl -v ;,’—ll
0 —— H'(N,Z/r) —— U —— ¥V —— (Z/r)(0)
is commutative, where we have written
U =Hom(IG ®,y (Z/r), Z]r), V =Hom((Z/r)K, Z]r)
for short. By virtue of [26, (2.5)] we conclude that
vy(e,, Z/r) = —v [Fle Extey,«(H' (N, Z/r), H'(N, Z/r)).

In view of (5.3.9(1)) this implies assertion (1) of the theorem.
For j > 2, an argument of this kind cannot yield a complete description
of the classes v32’ since the corresponding morphism x (occurring in (5.3.10)
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above) is no longer injective. Moreover, for j > 2, the recipe in (2.5) of [26]
leads to a mess. We therefore proceed otherwise:

The obvious chain map
Hom,, (P, Z) — Hom,, (P, Hom(Q/Z, Q/Z))

= Hom(P ®,y (Q/Z), Q/Z)
is compatible with the obvious ZK-module structures, and, for j > 0, induces
morphisms
H'(N) — H’(Hom(P ®,, (Q/Z), Q/Z)) = Hom(H (N, Q/Z), Q/Z)

of (ZK)-modules. Since the group N is finite, for j > 1 these are in fac;
isomorphisms. Consequently we can compute the characteristic classes v32’
from the chain complex

(5.5.6)

Hom(P®,, (Q/Z), Q/Z).
More precisely, application of the functor Hom(—, Q/Z) to a 3-fold extension
representing the class wij (e,, Q/Z) yields a 3-fold extension representing the
class vgj 2 To compute its value in Ext;K(sz”N ,HYN ), we take (5.4.14)

as a representative of wij (e,, Q/Z) and proceed as follows:
Consider the chain complex

(5.57) 0= @IN)(=)) <= @K < @k 2z LD 7k

which already occurred in (5.4.10). By our conventions it is a chain complex
in the category of right (ZK)-modules. A little thought reveals that its dual
Hom((5.5.7), Q/Z) in the category of right (ZK)-modules may be written

(x—1,r)"

Hom((ZK)*, Q/Z) Hom(ZK , Q/Z)

o Ji+
J x I—l lbj

2 Rr RK —— R(j) — 0,

(5.5.8)

where we have written R = Z/r for short and where Q is the obvious morphism
of right (ZK)-modules, so that ((1))(1) = } ; here we use the identification

(Z/r)K = Hom((Z/r)K,Q/Z), 1~ w:(Z/NK - Q/Z,
as right (ZK)-modules where, for 0</<s-1,
w(xl) =0y /7 (Kronecker 9 ).

Next we recall the cocycle
F-1 r 2 .
—, — | : — —j—1
( g h,) (ZK)* — (2/r)(=j = 1)

given in (5.3.4(3)) representing the class 19;. It is clear that its composite
1/ /~1

;(5=, #) with the obvious injection into Q/Z, viewed as an element of
1 1

r
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Hom((ZK )2 , Q/Z), has a preimage in Hom(ZK, Q/Z), i.e., that the exten-
sion problem

(tjx—l ,r)

ZK (ZK)*

o e
Q/Z —— (Z/n)(=j-1)

T

has a solution ®. For example, for 0 </ <s-1, let

N 1 B(x[)
Olx) = (0 B

where B: ZK — Q/Z is a morphism with B(1) = 0, and which is determined
by

(5.5.9) O((Fx - Dx') = %tTl-t_'(“leQ/Z, 0<l<s—1.
1

For completeness, we mention that this amounts to

F-1 1o
t(j+l)l hl t(]+l)1h

)

+/B") - B(x), o0<i<s-2,

but we shall not need an explicit formula for B.
We can now compute the class v2’ 2. Let P;(Z) = M(G) and let

. j_ *
e, = (t—h—l—l hLl) 2 (Z/r)(j+1)=Hom((Z/r)(-j - 1), Q/Z)

— Hom((ZK)*, Q/Z)

be the dual of the above cocycle representing the class 9!, as indicated.

Lemma 5.5.10. Let j >0, and let

' l—tj“(t(m)(s—z)
7T h,

J

+ t(j+1)(5-3)(x + tj)

T Y 2 S o SN
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Then
. € ()c—tj"'l r) 2
(Z/r)j+1) — ZK (ZK)
. . j+1
e;l (d% <z’1—‘;,’lj—,;,’;)l
Hom((ZK)2 , Q/Z) . Hom(ZK , Q/Z) —_— (Z/nK
Fx=1,r" Q
(5.5.11) (b/tl - l> (x_ti'afl ! >
al, x—t'* —aj, b,
@k? L (zk) T (zky
. j+1 i . j+1
(,Jl:h’:_,h’_l)l -(t’).jx,h—’l-)J _(,Jt}aj_,h%)l
(Z/nK = (Z/nK o (Z/r()
Ux™ =1 bt

is a commutative diagram in the category of right (ZK)-modules; here the top row
is the free resolution (5.3.1) of (Z/r)(j + 1), and (for typographical reasons) the
diagram has been split into two halves so that the middle vertical arrow appears
twice.

Proof. At first we indicate an argument for the commutativity of the diagram

. € (x—=t*',r) 2
(Z/n(+1) — ZK —_— (ZK)
: : J+1
N ol el

Hom((ZK)?, Q/Z)

Hom(ZK,Q/Z) —— (Z/r)(j) =ker(Q),

(Px=1,r)* e

where (Z/r)(j) is identified with Hom((Z/r)(—j), Q/Z) in the obvious way:
By construction, (®)(r) = r®, and in view of the definition of & this induces
the morphism (Z/r)(—j) — Q/Z sending 1 to %, which under the identifi-
cation of Hom((Z/r)(—j), Q/Z) with (Z/r)(j) corresponds to h’—l € (Z/r)(j).
Likewise,

(@)(x — " )(1) = o(x") - (/).
However, (5.5.9) with / =5 — 1 reads

-1

O(x - 1)x* ) = =" e @/n(=j- 1),
1
and we conclude that
v s
A ey b
whence
s=1y j+1__i_tj’—lj+1__l_j+_l_j1—tj+l
® )= =5 T T rh, ~ T rh

as desired.
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The rest of the proof now comes down to

g+l .
Lot e ol —ax—d), Lt =T

— =—pt
hl Jj+1 hl j+1 T 7 hl J+1 T hl

j,
j r 1 -7
Aj(x _ tj+l) o+ b+

a., ,=——2~0;.
hl J+1 h] J

We leave the details to the reader. O

6. THE PROOF OF THEOREM (.4 AND THE COLLAPSING
OF THE SPECTRAL SEQUENCE AT A GOOD PRIME

We now have the machinery in place to compute the first nonzero differential
in the cohomology spectral sequence (E,.*’*(ey , Z), d;) of the group extension
e, . The corresponding graded group E, is the same as that given in §2 above,
and for degree reasons the differential d, is zero. Hence the spectral sequence
has E, = E; and the first nonzero differential is d;. A description thereof has
been given in Theorem 0.4 in the Introduction. We now prove Theorem 0.4.

It is not hard to see (cf. (6.8) below) that, for j > 0, the numbers q; are

divisible by g, . For convenience, we shall henceforth write
A=A, )= j0+07 4+ T G+ e 7Y,
Here is the crucial step in the proof.

Lemma 6.1. The differential d: E;"Zj — E§+3’2j_2, where k >0 and j > 1,
in the spectral sequence (E,f' "“(e,,Z),d,) of the group extension e, is zero for
k =2i, while for k =2i+1,

. . h. A . .
T J\ __ =17 2 -l
a’3 (kjcxwxc ) v hlkj (hj_lcx ¢, ) .

Proof. By (2.4) of [26], the differential d, of the cohomology spectral sequence
is given by Yoneda pairing with the class v32’ . In view of (2.5) of [26], the result

v?

z- vij of Yoneda pairing a class z € Hk(K , HYN ) with vgj can be computed
as follows: Take the free resolution (5.3.1) of HY N and the standard one (say)
P, (Z) of Z (reproduced in §5.1 above) in the category of right ZK-modules,
and lift a k-cocycle for z to acycle {, in Hom,, (P, (Z), (5.3.1)) of degree
—k so that under the obvious morphism

¢,: Hom, (P, (Z), (5.3.1)) — Hom, (P, (Z), HZjN)

¢, goes to z. Then the composite of {, with a cocycle for vgj is a cocycle for
z- 032’ . We shall take z to be the generator of E;"Z’ = E;"zf given in (6.1)
above; we shall carry out this procedure now, distinguishing the two cases k

even and k odd.
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Let k = 2i, and let j > 1. We wish to compute (;l’—_c;c}’;) . z‘é . To this end,
J
let 4 .
ch— - + - X4+ 7 x " e€elZKk.

J J J
Then a straightforward calculation shows that the diagram

x—1 T+x+-+x""!

Z —— 7k 2 7K
r

r r J

06 (L)

HYN ZK (ZK)*

€ (X—tjv’) b} _r. x—tj r
a x—t -a; b

is commutative. It displays a lifting of ;,?c;c}{ to a cycle in
J

ZK — ZK

Hom, (P, (Z), (5.3.1)).

As indicated above, for any right ZK-module U, it may be used to compute
the Yoneda pairing

. HY(K, HYN) @ Ext}, (H'N, U) — H*™ (K, U).

In particular, we may take U = HY N , ¥ =3, and (cf. (5.3.4)) the cocycle
(‘—;‘i, f) of (5.3.1) as a representative of 73 and conclude

i gy i i+1 j-1_ 2i43,2j-2
(;l’jcxcy).%:m’;(l—z +t -1, o, =0¢€kE; .
However, by virtue of (5.5.1), vfj = - I/Té , whence, in view of (2.1), the cor-

responding differential is zero as asserted. . -
Next, let kK =2i+ 1 and let j > 1. We wish to compute (%c;wxc}’,) ‘T3
J
To this end, let

, .
0,(2) = - Yo ez

J 0<v+u<s—2

r j 2 j 2j

=k—(1+z+t’+z +lz+t7 4+
j
+ 27 ST T Y,
I

J

Then it is clear that
-1

(6.2) (z-t)o, = f(I+z 442
J

) — ra; € Z[z].
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Let 0, = aj(x) € ZK = Z[z]/(z’ - 1). Then (6.2) and a straightforward calcu-
lation show that the diagram

s—1

L+x+:o+x x—1 T+x+e4x’™

z ZK 7K ZK ZK
I Ol I ) ()]
HYN ZK (ZK)* (ZK)? (ZK)*

€ (x=t/,n) b; -r x—t r
a; x=v ~a; b
is commutative. It displays a lifting of fciwxc; to a cycle in
J

Hom,,, (P, (Z), (5.3.1)).

As indicated above, for any right ZK-module U, it may be used to compute
the Yoneda pairing

HYY K, HYN) @ Ext (HY N, U) — H™' (K, U).

In particular, we may take U = HY~ 2N * = 3, and (cf. (5.3.4)) the cocycle

Gt lh.t LI) of (5.3.1) as a representative of 13 and conclude
63 (k—cwc) (]t (—'5—’20 +;,—a>c'+2c}’, :
(6.3) 2i44,2j=2 o,

€ E; =Z/q;_,.

To obtain the formula asserted in the lemma, we specialize (6.2) with z = 7t
i.e., we pass from Z[z] to Z[z]/(z — ") 2 Z and conclude that, for j > 1,

6y 0D
' = £ T (1 +tj+---+t(s_l)j)) €Z,
whence
-1 (1= i—1y | ra;
(6.5) (777 %0, (7 + o)) = T €2
Since H¥ N = (Z/r)(j - 1)(ci-1) , we conclude

_ rA
. l(jt] 'Q;;—’)a.+;,’—a)— ch e HY 7N,

However, by virtue of (5.5.1), v32j = - urf3 , whence, in view of (6.1), the cor-
responding differential is given by the formula in the lemma. O

As before, for a prime p and any number / we denote the p-part of / by
lp . Our next aim is to deduce Theorem 0.4 from (6.1). To this end we elaborate
on the number theory in §3 above to have available appropriate tools so that we
can prove Theorem 0.4 which is an integral statement.
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Lemma 6.6. Let p be a prime, let t be a number so that t = 1 mod p, and let
a be an arbitrary number.

(1) If pisoddor p=2 and t = 1 mod4 for some B, u—p (1+B8p).
2) f p=2 and t=-1mod 4, (5.5t -') =27t +1),.
Proof. See Lemma 2.2 in [26]. O

Next we recall that the number ¢, = —Lkl is the order of H’ (K, N). We

now assume that ¢, > 1 and pick a prlme p dividing this number. Since g,
divides the number 4, = (t—1, r), p divides h, as well, whence ¢ = 1 mod p.
Moreover, it is manifest that p divides r and s.

Lemma 6.7. Let p be a prime which divides q, . Then the following are true.
(1) For j>1, (4;), =5,
(2) If p isodd or p=2 and t =1 mod 4,
(hy), = (), (s 1) = (B)), (G5 4)
k), =(r,s),,
(a,), = (), 0,0 ) = (@),U,» )= (@), d,)-

l
(3) If p=2 and t=-1mod 4,
(h) _ (t+1)2(.]2’ m)=(1+1)2(19 d2)9 lfj is even,
72 2, if j is odd,
(r,s),, ifjiseven,
(k;); = 2, if N and j are both odd,
ry,  if L s even while j is odd,
1, zf’(#lz and j are both odd,
2, 'fﬂ’—’”—ll is even while j is odd,
(QH—])(I‘ S)) (

(4;),

Jy w) = (Ws)y (i, dy),  if j is even.

Corollary 6.8. For j > 2, the numbers q; are divisible by q, .

Proof of 6.7. If t = 1, there is nothing to prove, and we assume ¢ > 1. For
j > 1, we may then write

(=Ds Jjs
t -1 7 -1
Adi=j———-0U-1- .

J T U )t,_1

With s = sps', where (S',p) =1 and ¢ =¢° , this may be rewritten as

AUNs, s\ U g
A=\ —U-D7; j=1
2 -1 ) v
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Furthermore, since ¢ = 1 mod p,

G-s' js'
t -1 ¢ -1

. - =0 modp,
| -1

. . 1jsp __ . e . =1 _ R .
and, in view of (3.1), ’t,j"_ 11 is divisible by s, while % is prime to p.

P
Hence it suffices to show that

1(j=1)s
' Lt P — 1 P _ 1
Aj=.] ,j_l_l (.]_1) _1
is divisible by S, exactly. If p isodd or p =2 and t =1 mod 4, we employ

(6.6)(1) and rewrite A;. in the form

Ay =js,(1+0B;_)) = (= s, (1+DB)).

It is then clear that A; is divisible by s, exactly. If p=2 and t=-1mod 4,
we exploit (6.6)(2) and conclude that

(z’(j“)sp —_ 1) { =s,, if jisodd,
A | , >s,, if jiseven,
(t/jfp _ 1) { >s,, if jisodd,
-1/, =s,, if jiseven,

whence A; is divisible by s, exactly. This proves (1).

The remaining statements follow at once from (3.1) (cf. also (3.2)). We only
indicate that, e.g., if p isoddor p=2 and f=1mod 4,

(h), = (' =1),, 1) =(,(t=1),,7)
= (1), U, (50, £) = (), Uiy £

since (’—;I—‘)p > 1 only if / is not divisible by p. O

1

Proof of Theorem 0.4. By (6.1), the differential d,: E;‘ A E;‘ 3272 is zero
for k =2i, where i >0, j > 1, while for k =2i+1,

dy E; Y =2)q, —Z/q_ 2 EVNYTE 00,521,
is given by
. . h. . A. ) .
roi J j—1 “%j rooi+2 j-1
d.| —cowc|=-v —c.c .
} (kj o y) hik; (h]._l A )
Now h . A k A
j=177j qj ]B h B = 1%
hlk ql where i kj_lkj s

and Lemma 6.7 implies that, at a prime p dividing g, , the numbers B ; and
(,S—S) coincide up to a unit. Furthermore, still in view of (6.7), at a prime
which does not divide g,, one of the two numbers g; and g; is a unit,
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whence either the domain or the range of the differential d, is zero. Hence

the differential d; sends an appropriate generator to —v %=1 s times an

. q, (s,r)
appropriate generator. 0O

For later reference we spell out the following.

Corollary 6.9. As a graded module over H* (K , Z) = (Ple,)/sc,, the object E,
is generated by

_r 0,2j .
czj—z;cyeE4 , j>1,
q, r 1,2
X, = ————w.c €E ",
3w, gk T
q, r j 1,2j .
Xy =——————w.C, €EE , j>2,
2j+1 (V(rfs) , ‘11) kj Xy 4

subject to the relations
i(v,q1)6i=0, i>2,
9,
hic,; =0, j>1,
qjcx62j=0’ Jj=1,

N j . .
<vm,ql>c;czj=0, i>2, j>1,

(v, 4q)x,=0,

q;
9

qj N .
L - L= > 2.
q <V r,s) aQI)x2]+1 0, j=2

The proof is left to the reader.

Corollary 6.10. When t = —1 mod 4 and the differential d; is nonzero at the
prime 2, the group Ef’l(e, Z) is nonzero at the prime 2 only if | is even and
k=0,2 orifl isdivisible by 4.

Proof. In fact, by virtue of (6.7)(3), for j odd, the number g; is at most
divisible by 2 but not by 4. Since the differential d,: Ex*' — EX*>'72 s
assumed nontrivial at the prime 2, from (0.4) we conclude that groups of the
kind E;*¥ with j odd survive to E, onlyif x=0 or x=2. O

Theorem 6.11. The integral cohomology spectral sequence of e has E, = E_|

at each prime p so that r,>s, or f =0 modulo r,. Furthermore, as an

algebra, H*(G, Z) at p is then as an algebra over H*(K , Z) at p generated
by Cz, 63, C4’ 65) ey §2dp’ é2dp+l .

Proof. By (4.22), for j > 1, the class resGlN(Czj) coincides with 6 = th; ,
J
perhaps up to a unit at p, and hence the class c, i is an infinite cycle. Moreover,

still by (4.22), the classes (—Vﬂmk’—wxc; are infinite cycles, too. Finally, keeping
’ J
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in mind that (2.1) describes E, for any extension of the kind (0.2), that is, for
any extension of a finite cyclic group by a finite cyclic group, we see that, in

. . q —r_ ] . .
view of (6.9), at a prime p so that r, =5, the classes T L w,c, coincide

with the classes x, 41 € E :,2; ,perhapsuptoaunitat p. O

Proposition 6.12. For a presentation (0.1) of an arbitrary metacyclic group G
and a prime p so that S, >r, the following are equivalent:

(6.12.1) f # 0mod ry
(6.12.2) v #0mod (q,),
Proof. Recall that f may be written f = Vh",- Hence

hik,
vz0 mod(ql)p = <T>p
if and only if f # 0 mod (k,),. However, if s, > r , in view of (6.7), the latter
is equivalent to f # 0 mod r,- When p isoddor p =2 and ¢t = 1 mod 4
this is immediate since then (k) ="y while when p=2 and t = -1mod 4,

v #0mod (g,), only if **! is even and hence (k,),=r,. O

We remind the reader that the notion of a prime that is good for the presen-
tation (0.1) has been introduced in the Introduction.

Corollary 6.13. The integral cohomology spectral sequence of e has E, = E_|
at each prime p that is good for the presentation (0.1).

Indeed, this follows at once from (2.15), (6.11), and (6.12).

7. THE RESTRICTION OF THE SPECTRAL SEQUENCE TO e'

In this section we examine the effect of restricting the spectral sequence to a
suitable subgroup. We shall need this in the next section to solve the additive
extension problem.

Let G be an arbitrary metacyclic group given by a presentation of the kind
(0.1), and as before we denote the corresponding group extension by e, , where

V= ﬁ’—_rl—’l . Recall that the number ¢, = ﬁlr—kl is the order of H’ (K, N). We
now assume that ¢, > 1, and we pick a prime p dividing this number. As
explained earlier, the prime p divides 4, as well, whence

t=1 modp,

and p divides r and s, too. Extending terminology introduced in §3 for
metacyclic p-groups we shall refer to the case where p is odd or p = 2 and
t = 1 mod 4 as the typical case and to the case where p =2 and ¢t = -1 mod 4
as the exceptional case. Notice that in view of (6.7)(3) the exceptional case
occurs only if @E is even.
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As before, let G’ be the subgroup of G generated by y and x' = x”, with
presentation

' —1 B
G =Gr,s', 1/, N=u"y; V=1, 2" =y, Xy =)',
where s' = £ and ¢ =, and corresponding group extension e’ (cf. (4.2)), so

that the injection maps yield a morphism

(7.1) (Id,-,): e —e

of extensions. We mention in passing that in the typical case s~ is still divisible
by p unless the p-Sylow subgroup of G is abelian. In fact, since g, is divisible
by p sois 'ST“, whence, in view of (6.6), the number ﬁ',‘—ll is divisible by
p; however, if s, =D, the number (¢ — 1) » is divisible by ;p which can only
happen if the p-Sylow subgroup of G is abelian. On the other hand, in the
exceptional case it may well happen that s’ is an odd number while the 2-
Sylow subgroup of G is nonabelian. For later reference we now describe the
morphism on E, induced by (7.1).
The standard comparison argument entails the following.

Proposition 7.2. A morphism
Res: E, = Plc,] ® Alw, ]® H'(N, Z) - E| = P[c,]® Alw]® H'(N, Z)

inducing the restriction map res: E3)" (e, Z) — E2)"(e', Z) is given by

. . . ip—1 .
Res(c,w,c)) = (1+ () + -+ () epwyc),
i i
Res(c,c,) = ¢y,
Before we spell out the next proposition we remind the reader that a descrip-
tion of E,(e, Z) has been given in (2.1) and that E,(e, Z) = E;(e, Z).

Propeosition 7.3. For i > 1 and j > 1, the morphism (7.1) of extensions induces
the commutative diagram

0 E31+1,21(e) Z/qj 3 Z/qj_, E§'+4’21 Z(e) - o0
!’
1 g = l
! h
j—1
0 ——s Ef:+|,21(e') Z/‘I,l' 2 Z/q;_1 — E3'+4’2J_2(e') — 0,
3

where we have written E, "(e) = E,""(e, Z) and E,""(¢') = E;""(¢', Z) for
short, and where

~

k. i ip—1
Bj=k—;(l+(t’)+---+(tj) ).

In the diagram, the notations B, and h;_l/h .y are intended to indicate that
the generators

roio g 2i+1,2j ~
T x@x6y € E; (e,Z) = Z/qj.

J

X
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and o2 j-1 2i+4,2j-2
i+2 j— i+4,2j— ~
ﬁcx C; €E3 ! (e,Z)=Z/qj_1
i
are mapped to
2i+1,2j /
B, k, o, i, eE;) e, ) Z/q;
and .
iy r w2 o1 2ivd2j-2 /
P o6 €ETTUTe, 7)) 22 g,
j=1 Tj-1
respectively.

Corollary 7.4. On E, the restriction map E,(e, Z) — E, (€', Z) is given by

iy
res(c,) =c., res(czj) =7 G
J
and, if r, > s, and v #0mod (g,),.
p—1_

res(xy;,,) = U(L+ (¢) + -+ (¢)
where U is a unit modulo p .
The exact value of U will be given in the proof.

Proof. To compute res(x, i +1) under the mentioned circumstances, we recall

that
9,

r j
x2j+1 v, )k_

C

In the typical case, we have

jp—l) q, r

res(x2]+l) (1+ (¢ ) e () v, ql)k_w ,c
; p—1 qk ! :
=+ @)+t () o D
‘11 j( 1)k
U+ )+ + () ) X341
where U = p . In view of (3.3), U is a unit at p. In the exceptional case,
the extension ¢ splits at 2, x2 i = k—’rij,c; , and hence
q r j
) =(1 J 1 o , J
res(x,; ) = (1+1¢ )(u,ql)kij ¢,
q k' r )
J 1 Jy L
=(1+[)( !)kkw,c—U(l+t)x2j+l,

where U = —L,;—q'k' . In view of (3.4), v is odd, (gq,), =2, and U is odd.
w.a)k, 12
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The other statements are straightforward or obvious. 0O

As before we denote by d the order of ¢ modulo r. We remind the reader
that, in view of (3.2), in the typical case dp = (h_’l) )
Lemma 7.5. In the typical case, if r, =S, and v # 0 mod (‘11) the induced

morphism Ek l(e 7)) — EF: I(e Z) enjoys the following properties:
(1) It is injective unless

(2,2)), or
(k,)y=1¢ (1,2u dp), or possibly
(2i+1, 2,udp), fori>1,
where j >0 and u>1.
(2) It is surjective at the prime p only if (k,1)=(2i, 2 jdp). Whenever it is
not surjective at the prime p, its cokernel at p is a copy of Z/p .
(3) The kernel of the induced morphism

Ey (e, Z) =Z/q {c,c,) — Ey V(€L 2) = Z/q)(c\cy))

is a copy of Z/p, generated by (the class of) c Caj
(4) For [ =pd,, u>1, the kernel of the mduced morphism

(e,2) — E; (¢, Z)

is a copy of Z/p, generated by (the class of) dp(u, 4,)Xy,,/D -

1,21
E,’

Proof. Away from p there is nothing to prove. Furthermore, in view of (0.4),
(6.7), and (6.9), statement (3) is immediate. Since by hypothesis r, > s, and
v #0mod (q,) ,» Theorem 0.4 together with (6.7) implies that the differential
d, is nontrivial at p. Now (3.3) implies at once that the number h}_l/h =
equals 1 or p according as (j — 1) is or is not divisible by a'p; hence the
morphism in (7.3) labelled by this number has as kernel a copy of Z/p but
since the differential d; is nontrivial at p this copy of Z/p is killed and does
not survive to E,, whence the induced morphism

2i+4,2j—

2i+4,2j—2, 1
E, (

*e,2) — E. ¢, Z)

is injective. This settles part of statement (1). Likewise (3.3) implies at once that
the number B in (7.3) is prime to p ; hence the morphism in (7.3) labelled by
this number is an isomorphism at the prime p if j is not divisible by d = (h—) »
and it is surjective at the prime p with kernel a copy of Z/p if j is lelSlble
by dp. Consequently, at the prime p, the induced morphism

2i+1,2j 2i+1,2j
E4l+ J(e,Z) ——'*E4I+ J(eI,Z)

has kernel a copy of Z/p or is injective according as j is or is not divisible by
dp . This settles the corresponding statements in (1) and (4). The proof of the
remaining statements is straightforward and left to the reader. O
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Recall that, in view of (3.2), d, = m in the exceptional case. Recall

also that, in view of (6.10), in the exceptional case, Ef "(e, Z) is nonzero at
the prime 2 only if / isevenand k =0, 2 orif / is divisible by 4. Moreover,
in this case, in view of (3.4), if r, > s, , the extension ¢ splits at the prime 2.

Lemma 7.6. In the exceptional case, if r, > s, and v # 0 mod (q,), , the induced

morphism
k,l, 1

k1
E4 (ea Z) _'E4 (e 5 Z)
enjoys the following properties:
(1) If I =0 mod 4 it is injective unless k =2 or

(k,l)=(Q2i+1,2j), withi>0, j even, and j(t+ 1) divisible by r,,

while if |=2mod 4 and k is odd, Ef‘l(e, Z) is zero anyway, whence the
induced morphism is injective.
(2) It is surjective at the prime 2 only if

(k,1)=1(2i,2j), withi>0, j even, and j(t+ 1) divisible by r,.

Whenever it is not surjective at the prime 2, its cokernel is a copy of Z/2.
(3) For j even, the kernel of the induced morphism

2,2j 2,2j
E; (e, Z) = Z/g)c,c;)) — Ey (€, 2) = Z/q;(c,6))

is a copy of Z/2, generated by (the class of) %cxci = %icxc2 I
(4) For 1 =2j, with j even and j(t + 1) divisible by r,, the kernel of the
induced morphism

E; Ve, 2) —E, V(e 2)

is a copy of Z/2, generated by (the class of) q;.x:,_ iv1/2-

Proof. Away from 2 there is nothing to prove. Furthermore, in view of (0.4),
(6.7), and (6.9), statement (3) is again immediate. Theorem 0.4 together with
(6.7) implies that the differential &, is nontrivial at 2, and in view of what

was said above, the groups Ef”(e, Z) are nontrivial only if Kk =0, 2 and !
is even or if [ is divisible by 4. Now for j odd, (3.4) implies at once that
the number h}_l /hj_l equals 1 or 2 according as (j — 1)(¢ + 1) is or is not
divisible by r,; hence the morphism in (7.3) labelled by this number has as
kernel a copy of Z/2 but since the differential d; is nontrivial at the prime
2 this copy of Z/2 is killed and does not survive to E,, whence the induced
morphism

2i+4,2j-2

E] e, Z) — E:i+4,2j—2(e/’ z)

is injective. This settles part of statement (1). Likewise (3.4) implies at once
that for j even the number B . in (7.3) 1s odd; hence the morphism labelled
by this number is an isomorphism at the prime 2 if j(z+ 1) is not divisible
by r, and it is surjective at the prime 2 with kernel a copy of Z/2 if j(z+1)
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is divisible by r,. This implies readily that, at the prime 2, for j even, the
induced morphism

E3i+l,2j(e, Z) . Eji+1,2j(e/’ Z)

has kernel a copy of Z/2 or is injective according as j(¢+1) is or is not divisible
by r,. This settles the corresponding statements in (1) and (4). The proof of
the remaining statements is again straightforward and left to the reader. 0O

Corollary 7.7. Let p be a prime dividing r and s, assume that r, =S, and
suppose that the extension e does not split at p, i.e., that v, # 0mod (q, )p.
Then the restriction map E_ (e, Z) — Eoo(e', Z) sends c, to c. and, on the
remaining generators, it is given by the following rules:

(1) In the typical case,

g Upc;j , if j is not divisible by dp,
¥\ ey, ifjisdivisible by d,,
res(Xy;,) = pW'x;jH :

where U,V , W are units modulo p .
(2) In the exceptional case,

(t+1,5)c;, ifjisodd

’

#c;j= 2Uc;, if j is even and j(t+ 1) # 0 mod r,,
j

=

res(c,;) =
J
Vc;j, if j is even and j(t+ 1) =0 mod r,,
i .
res(xsz) = 2Wx21.+1, Jj even,

where U,V , W are odd numbers.

Proof. By (6.11) the spectral sequence has E, = E_ at the prime p. Hence
the assertions follow from (7.4), (7.5), (7.6), and the number theory in §3. O

8. PROOF OF THEOREM 0.3: THE ADDITIVE EXTENSION PROBLEM

As before, let p be a prime dividing g, = |H2 (K, N)|, and suppose that v #
0 mod (¢,), and that r, > s, so that, in view of (6.12), the prime p is good
for the presentation (0.1) (cf. what was said in the Introduction). Moreover, let
G’ be the subgroup of G generated by y and x' = x”, with presentation

' 1 ’

G=Gr,s, I, )=,y y=1,x" =y, xyx'" =y,

where s’ =s/p and ' = ¢ . It fits into the group extension

(8.1) 1 -G —-G6-252Z/)p—1,
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and the injection maps yield a commutative diagram

1 1
e: 1 N G K’ 1

q
(8.2) e: 1 N G K 1

We now assume by induction that Theorem 0.3 has been proved for the exten-
sion e . We note that, in view of (2.8), (2.22), (2.24), and (2.27), the induction
starts at the extension (4.5) or (4.12) as appropriate. We verify the statement of
Theorem 0.3 for e by comparing the cohomologies of G and G’ , viewed as fil-
tered objects: Recall that the cohomologies of G and G’ inherit filtrations from
the extension e and e, respectively. Since E;’°dd(e, Z) and E;’dd’o(e, Z) are
zero, the filtration of H*(G, Z) looks like
HY(G,2)=H"Y(e 2H "’ *(e)2-- 2H' ),

H2j+l(G, Z)= H1,2j(e) 5 H3,2j—2(e) 5.5 sz—l,z(e)

and the same remark applies to G' and e’ .

Lemma 8.3.t. In the typical case, for j not divisible by dp, the restriction map
H2j+1(G) . H2j+1(G')

is injective while, for j = udp, the morphism

/!

Hs,z;—z(e) . H3,2j—2(e )
is injective and the restriction map
H2j+l(G) _ Hl,Zj(e) . Hl,Zj(e/) _ H2j+l(G/)

has as kernel a copy of Z/p, generated by

dp(u, 9,)%, it possibly terms of higher filtration.
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Proof. In view of (7.5), a straightforward induction shows that, for i > 0 and
j > 1, the diagram

0 H2i+3,2j—2(e) H2i+1,2j(e) E2i+l ,Zj(e) 0

oo

| | l

0 H2i+3,2j—2(e/) H2i+1,2j(el) Ej;‘+l,2j(e/) 0

has injective columns unless possibly j is divisible by 2d ,. For i =0 and
J = pd,, we have a diagram

0 — Z/p 2 zpp

l

0 — H»Y () —— H"Y(e) —— E-Y(@e) — 0

l

0 H3,2j—2(el) Hl,Zj(e/) E;C;Zj(e/) 0

with exact rows and columns. By (7.5)(4) the kernel of the induced morphism

d 1,2ud,

E % () — ES™(€)

is a copy of Z/p, generated by d,(v, ql)xzﬂd +1/p . In view of (4.22), (6.9),

and (6.11), we conclude that the kernel of H' %% (e) = H' %% () is generated
by

Fp(u » 41)%5, a1t possibly terms of higher filtration. O

Lemma 8.3.e. In the exceptional case, for j even and j(t + 1) not divisible by
r,, the restriction map H”*'(G) — H¥*\(G') is injective, while for j even and
J(t+1) divisible by r,, the morphism HY _Z(e) S _z(e') is injective and
the restriction map

H2j+l(G) — Hl ,2j(e) N I_Il,2j(el) _ H2j+1(G,/)
has as kernel a copy of Z/2, generated by

!

(—12152 it possibly terms of higher filtration.

Proof. This is virtually identical to that of the previous lemma, with (7.6) in-
stead of (7.5). We leave the details to the reader. O
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We can now verify the relations (0.3.4) for G and e: In view of the inductive
hypothesis, we have the defining relations

/

q‘
(8.4.1) q—i(V', 08, =0
1

for G' and ¢ . In the exceptional case, since by hypothesis 7, > s, , in view of
(3.4), the extension e splits at 2, and these relations boil down to

(8.4.2) q& =0

Lemma 8.5. In the typical case,
(8.5.1)

9

. (g/’r W', q;)) / . whenever j is not divisible by d,,
< ( 1)) ' ?
9 p (g{l(z/,, q;)) , if j is divisible by d,
! P
while in the exceptional case, for j even,
‘Ij( )) { (q;.)2 /2,  whenever j(t + 1) is not divisible by r,,
1 =
2

52 (2 s TR
q, (4)); if j(t + 1) is divisible by r,.
Proof. By virtue of (3.3), in the typical case, (v', qi )p =pv, ql)p , and

! I
(%) =,,(fﬁ) o (2) =(q_¢-)
’
ql 4 q] » ql p ‘11 »

according as j is or is not divisible by dp . This implies at once (8.5.1). In the
exceptional case, by (3.4), (q,), =2, v is odd, and, for j even, (qj)2 = 2(q;.)2
or (qj)2 = (q;.)2 according as j(z+ 1) is or is not divisible by r,. This implies
at once (8.5.2). O

To verify the relations (0.3.4) for 1 < j <d,, we recall from (4.21) that, by
construction,

2j+1
&jat = Tg16(Ey0) €H'T(G, 2).

By induction, at the prime p, the class é; 41 has exact order gl}(u' R q;) . Hence
1
at the prime p the class ¢, i+l has at most this order. Moreover (cf. (4.22),
(6.9), and (6.11)), the class ¢, j+1 Dasses to the class x, i1 in the associated
graded object of order
!

q; 4q;

<0, q)/p="2w,q)

q 1 ql
at the prime p. Hence at p the class ézj +1 has at least order %(u, q,).
However, it is well known that the composite

H'(G, Z) =5 H'(G, Z) -1 H'(G, Z)
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is just multiplication by the index p =[G : G'], whence

2j+1
TG/TG(TCS(52j+l)) = pé2j+l €H - (G> Z)
In the typical case, by (8.3.t) above, for 1 < j < dp, the restriction map
H2j+'(G, 7) — H2j+1(G/, z)

is injective. If at p the class &, i+l had order p %(V, q,) , the restriction of the

transfer 7, to the cyclic subgroup of HY*'(G', Z) generated by &, j+1 Would
be an isomorphism and hence the restriction of the composite TgigoTes 1o this
cyclic subgroup would be injective; however this is impossible since Tgirg © T€S
is multiplication by p. Hence at the prime p the class &, i+l has exact order

’

q} ! / q
200 ) [p =20 q)
q, ! 4, :
and the relation p
q_':(V, ql)ézﬂ.[ =0

is a defining relation for 1 < j < dp. For j = dp, we observe that the class
& j+1 Dasses to the class x, i+1 € E,, and in view of (6.9) and (6.11) the latter
has exact order

q; q

J / i ] .

W ,4)= =, ) = d .

‘11 ( 1) 7, (v,q 1) J P
This proves the relations (0.3.4) for 1 < j < dp. However, in view of the
multiplicative structure and the construction of the classes ¢, it for j > dp in
(4.20), it is clear that these relations hold for every j > 1. One only has to
observe that the classes (, ; have order at least 4 ; which follows at once from

(6.9) and (6.11) and that for each j the number A ; is divisible by q; = @

and hence by %(V , q,) . Hence the relations (0.3.4) are defining relations in
the typical case.

In the exceptional case with j even we proceed as in the typical case with
(8.3.e) instead of (8.3.t). Furthermore, we know from (6.10) that E;; % is zero
for j .odd and hence we have completely determined the structure of H°dd(G)
in the exceptional case also.

Next we study the structure of H*"(G).

Lemma 8.6. For j > 1, the induced morphism H***(e) - H*¥ %) is
injective (with both groups interpreted to be zero for j = 1), while the induced
morphism

H2,2j—2(e) L by

has as kernel a copy of Z/p, generated by

€)

q; . . .
;ch {,; + possibly terms of higher filtration,
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and this kernel coincides with that of the restriction map

2j 0,2j 0,2j /

HY(G)=H"¥(e, 2) — H"¥(¢', 2) = HY(G).

We note that, in the exceptional case with j odd, (qj)2 = 2, and the lemma
then says in particular that the kernel of the restriction map is generated by

% it possibly terms of higher filtration.

Proof. In view of (7.5), a straightforward induction shows that, for i > 2 and
j > 1, the diagram

0 H2i+2,2j—2(e) H2i,2j(e) Eii,,2j(e) 0

| l |

0 H2i+2,2j—2(e/) HZi,Zj(el) Ei’,Zj(el) 0

has injective columns unless i = 0 or i = 1, while, for i = 1, the corresponding
diagram looks like

0 — Zjp

|

4,2j—4(e) H2,2j—2(e) Ei;Zj—2(e) 0

l

0 H4,2j—4(e/) H2,2j—2(el) E;Zj—Z(e/) 0

Z/p

0 —— H

with exact rows and columns; we note that, when H* 7?2 s interpreted to
be zero, this makes sense for j = 1, too. In the typical case, in view of
(7.5)(3), and in the exceptional case with j odd, in view of (7.6)(3), the kernel
of Efo’ =2(e) Ejo 2=2(¢') is generated by %cxczj , whence, in view of (4.22),

(6.9), and (6.11), the kernel of Hz’zj_z(e) — Hz‘zj_z(e') is generated by

q; . . .
;ch ¢ it possibly terms of higher filtration.

In the exceptional case with j even, in view of (6.10), at the prime 2 the group
E>¥7%(¢) is cyclic of order 2 and the induced map Ezo’ 2=2(e) - Ezo =2y

[e]
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is trivial. Likewise, for { = 0, we have such a diagram
0 0

Id

Z/p Z/p —_— 0

l

0 —— H*¥Y%e) —— H"Y(e) —— E2¥() —— 0

l

0 Hz,zj—z(e/) H0,2j(e/) EO’Zj(e') 0

oo

with exact rows and columns. O

We note that, for i = 0, in the typical case, at p the induced morphism
Ego’ Ye) — Egc; %(e') is in fact an isomorphism for j = 0 mod d_ in view of
(7.5) and in the exceptional case at 2 if j(¢+ 1) =0 mod r, in view of (7.6).

The relations (0.3.3) in the typical case and for j even in the exceptional
case follow from the inductive assumption and Lemmas 8.5 and 8.6 in much
the same way as the relations (0.3.4) follow from the inductive assumption,
combined with Lemma 8.5 and Lemmas 8.3.t or 8.3.e, according as we are in
the typical or exceptional case. We leave the details to the reader.

To verify the relations (0.3.1) and (0.3.2) in the typical case we need some
more preparations. We proceed as follows.

Lemma 8.7. At each prime p so that r,>s, the following hold.
(1) For j>1,

i s—1

(8.7.1) (1+E)+--+ () )p=(1+(t")+---+(t') 1), =(k;),

s q
(8.7.2) (”jfp)p = <hf(u,lq1)),,

unless we are in the exceptional case and j is odd.
(2) In the exceptional case, if j is odd,

(8.7.3) A+ ++ (), = (3e+1),
while
(8.7.4) k), = (3+1), r2)2 ,

and the latter equals r, if v # 0 mod (q,), -

Proof. The relation (8.7.1) is a consequence of (3.1)(1). Likewise, to see that
(8.7.2) holds, we recall that f = I/h'—l and, by virtue of (3.2), that (k, ), =S, in
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h

the typical case since by hypothesis r,2S,. Since ¢, = ’fl,—l , we conclude

(h"%p),, ) (hf <k2>) B <h’<v?lql>)p'

Finally, (8.7.3) follows from (3.1.2) while (8.7.4) was spelled out in the Adden-
dum to (3.2). O

Lemma 8.8. Whether or not r,2S,,ataprime p so that v # 0 mod (4)),
the classes Czj and c, enjoy the following relations:

(1) In the typical case

s
(89t) _phjCZ,' =0,
i is—1
A+E)+-+ () Hh,
(8.10.1) - ¢,y =0.
(2) In the exceptional case
(8.9.e.1) 2¢,.=0, ifjisodd,
2j
(8.9..2) (f—ss) hily; =0, if jisevenand t+1%0mod r,
(8.9.¢.3) 2hjC2j =0, ifjisevenandt+1=0mod r,,
N(t,j,S)h~ e
(8.10.e.1) fjc)({zj =0, ifj is even,
(8.10.e.2) ZCXCZJ. =0, ifjisodd,

where we have written N(t,j,s)=1+ Pt/ for short.
For clarity we note that (8.10.t) and (8.10.e.1) are equivalent to

! Sp .
(8.10") 2 (j, e,y =0.
p

Proof of (8.8). It is easy to see that the relations (8.9) hold. In fact, we have
already observed that izj =r,0v=f,and (¢,,7)=(r,§, f). Hence (4.7)
entails (r’—ssﬁ 52 i = 0 for j > 1, and it is clear that at the prime p this may
be written

=

Lh =0, j>1

SpN

Hence the relation (8.9) holds at the start of the induction. We now suppose by
induction that, in the typical case, (8.9.t) holds for €', i.e., that & h}C; ;=0 for
p

j>1.If 1<j<d_,in view of (3.3), Sh =3 h ., whence by construction
p /A B
(cf. (4.15))

/

N N

hey.==ht...(0)=0, j>1
fp J>2j fp JjG'1G\>2j
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Consequently (8.9.t) holds in this range. However, if j = dp , still in view of
(3.3), (h)), = (h;.)p , whence taking into account (4.19), we conclude

/ /

Sp f f Sp Sp
0= hitgi6(8y) =+ hiply = 7 h; &y

7y Jy

Hence (8.9.t) holds for 1 < j < dp .

In the exceptional case we have, by construction, 2{, i = 0 for 1<j<d,
and j odd, since these classes lie in the image of the modulo 2 Bockstein map
(cf. their construction in §4), whence the relations (8.9.e.1) and (8.10.e.2). To
handle the exceptional case for j even we recall that the restricted case e is
typical. If in addition r, > s,, in view of (3.4) the extension e splits at 2,
and by (2.8) we know that, for j > 1, h;C;j =0; for 1< j<d, wecan then
conclude, in view of (3.4) and (4.19), that at the prime 2,

0= Ko (C)= (t+ 1, 5k t5,6(85,), if jis odd,

JTG1G>2) 2h;8,;, if j is even.
Likewise, in view of what has already been proved in the typical case, for j > 1,
we have %h}{; ; =0; furthermore, it is clear that f, = 2.For 1<j<d, we
can then conclude, in view of (3.4) and (4.19), that

N (&)= s+ 1, 5)h; tG/TG(C;j), if j is odd,
roJ GG 25h,0,;, if j is even.
In particular, (8.9..2) holds for j < d,. If t+1=0mod r,, in view of (3.4)

the extension €' splits at 2 and hence, in view of (2.8), h,; = 0. Exploiting
(3.4) and (4.19) again, we see that

0= hytg,6(04) = 2h0,.

Hence the relations (8.9.e.3) hold for j = 2. However, it is manifest that
d, = 2, whence we have again verified these relations for 1 < j < dp . Finally,
again an argument involving the multiplicative structure completes the proof
that the relations (8.9) hold. We leave the details to the reader.

In order to verify the relations (8.10) we proceed as follows: We take the
obvious free presentation

(8.11) 0—-7252 5 K1
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and consider the pull back group G in the sense that the diagram

0 0

z 4.7
(8.12) 1 N G Z 1

o
1 N G K 1

1 1
is commutative with exact rows and columns. For convenience we write
(8.13) &1l o-N->GCEZ—1

for the pull back extension. The integral cohomology of G is readily computed
from é. In fact, for degree reasons it is clear that

HY(G,2)=H(Z,H(N,2)=Z/h,, j21,
(8.14) H'(G,z)=H'(Z,H(N,2) =2,
H'*'(G6,2)=H'Z, BV, 2) =2/h;, 21,

and again for degree reasons there is not even a multiplicative extension prob-
lem.
We now consider the resulting central extension

(8.15) 0—-Z—G—G— 1.
By construction it is clear that its class in HZ(G, Z) is just ¢ € HZ(G, 7).

Hence part of the Gysin sequence of (8.15) looks like
(8.16)

1A B, ; . ; ‘ 2 A B, ;
H21+1(G) 2j+1 sz(G) —fi‘—> I_121+2(G) _{2& H2]+2(G) 2j+2 HZH](G) ,
where we have written H”(G) = H¥(G, Z), etc.

Lemma 8.17. Under the circumstances of (8.8) the following are true:
(1) For j > 1, inf({);) € H*(G, Z) is a generator, whence, for j > 0, the
morphism

9, H'(G,2) - H""'(G, 2)

in the Gysin sequence (8.16) is zero.
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(2) For j >0, for a suitable generator fzj L€ HYY (G, Z),

js—1

1+ )+ + () Hh

ﬂ2j+l(£2j+l) = r

unless we are in the exceptional case with j odd.

i,

Remark 8.17.3. The proof to be given below will also show that, if in the ex-
ceptional case v # 0 mod (g,), and 1+ 1# O mod r,, for j odd,

Ne oo (Y 0
. (<1+<z>+ +(7) )h,) =<S(t+l)>2=(q;)2.
2

r r

Notice if G is abelian, i.e., if =1 mod r, in view of (3.1), we have hj =r
and

A+ (@) 4+ () ) =5,

whence the statement of the lemma then says that, up to a unit modulo p,

‘92j+1(£2j+1) =5y

Proof of the lemma. By construction, for j > 1,

inf({,) = hic; eH'Z,HY(N,2)=HY(G, 2),
J

and we know that this class is a generator; hence the morphism 9, ; in the

Gysin sequence (8.16) is then zero. We now concentrate on the proof of the

other statement.

Assume first that d = 1, i.e., that G is abelian. Then G is abelian as
well, and it is clear that the morphism 9, in the Gysin sequence (8.16) sends a
generator ‘51 of H’(G, 2)2Ztosel= HO(G, Z) . Since the Gysin sequence
(8.16) is compatible with the obvious (H*(G, Z))-module structures, we can
conclude that, for j > 1, the morphism ¥, i1 sends the generator 52 = fl ¢ i

of H¥*Y(G, Z) 1o
- 2
9);11&y541) =53¢, € HY(G, Z).

We now suppose dp > 1 and consider the extension e¢ . Let 0 < j < dp ,
and assume by induction that, for a suitable generator C; i+ € )3 G G, 2),

!
Sy

L (1+(t’j)+~-~+(t

= i
192/+1( 2j+l) - r CZ;"

Using the description HZHI(G, Z) = H'(Z, sz(N, Z)) = Z/hj it is easy to
see that

-~ At 2 ~
Cojr1 = Te16(Sj40) €H NG, 2)
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is a generator of HY “(G’ , Z) . Furthermore, since the transfer is natural, it is

clear that
S s'—1

j 1] !
) (L+ () 4+ () K, /
192j+l(62j+l) — . TGITG(Czj)'
Dy T
A+ ) b i terms of the

Our next aim is to calculate the coefficient ,
undashed data: In the typical case we have, in view of (3.1) and (3.3),

e+ s W —( h3‘)
“\r
p

S [

r

and
; s—1
sh, L+ )+ + () )k,
—] = L+ () (&) A, , ifjZ0modd ,
ih/ r r p
25 = d p
( r ),, sh, A+ E)+-+ ) D,
) = 11, ifj=0modd,.
rp rp p
4 p
In view of (4.19) this implies that, up to a unit modulo p, for 0 < j < dp,

. A+ )+ +(F)
ﬂ2j+1(ézj+1) = r

Likewise, in the exceptional case, we recall that the restricted case e’ is typical

J C2j‘

(and splits); hence we have, in view of (3.1) and (3.3),

i s’ =1 ,
L+ () ++ () ), =<_§ﬁ)
r r
2
2
and
1.L
(S——(”r ’2)) . if j is odd,
2
sy sh; .
255 _ 55 ] if j(t+1)=0mod r,,
r), "),
shj .
— > otherwise.
2
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However, in view of (3.1) and (3.4),
((1 F ()4 () ’)hj) B (ﬂ‘s- I h,.)
r ) Y-1r 5
(___j.s(H- l)ﬁ) = (f-}b-) , if j is even,
Jjie+1) r , r),

. h.
(}S(t"'l)__J) =<s(’+1)) . if j is odd.
2 rJ, r 2

Consequently, if we exclude the case where 1+ 1=0mod r, and j is odd,

s'—1

T+ )+ () Oh,
r
1+ D+ () Hh o
L1, if j(t+1)=0modr,,
2r
2
is—1
e (F) A,
. «) )’) , otherwise,
2

since (t+1, %), = . In view of (4.19) this implies that, up to a unit
modulo 2, for 0 < j S a' and j even,

. (I+ @)+ + () Hn,
Byj1(Sajt) = r jc2j'

Moreover, we have also verified (8.17.4).

Finally, we observe that at p the class inf({,, ) € HZd(G, Z) has order r,,

14

and that the Gysin sequence (8.16) is compatible with the obvious (H*(G, Z))-
module structures. It is straightforward to deduce from this that, for j > a’
the morphism 9, ,,: H”*'(G, Z) - HY(G, Z) in the Gysin sequence (8. 16)
has the asserted properties. We leave the details to the reader. This completes
the proof of (8.17). O

It is clear that Lemma 8.17 and the exactness of the Gysin sequence (8.16)
imply at once that the relations (8.10) in (8.8) hold unless we are in the ex-
ceptional case with j odd. However, we have already seen that the relations
(8.9.e.1) and (8.10.e.2) hold. Hence the proof of (8.8) is now complete. O

We now verify the relations (0.3.2) in the typical case. Before doing so we
note that it may be necessary to rechoose some of the even degree generators (, ;-
We assume that p is a prime so that r,>s, and, in view of (2.8) and (2.15),
we assume as before that v Z 0 mod (ql)p and concentrate at this prime. We
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know from (6.9) and (6.11) that, when oc ¢, ; =0, the number o is divisible

by g; at p. Since r,2s,, by (8.7) we have

s—1

A+ )+ ), =) 440, = k),

unless we are in the exceptional case with j odd, and the assertion is then a
consequence of the fact that the relations (8.10.t) in (8.8) hold.

Next we verify the relations (0.3.1) in the typical case. We proceed as follows:
Since we already proved that the relations (0.3.3) hold at the prime p, we know
that, for j > 1,

q;_,
¢, —;l—(ql )€ 8h,_ 5 =0.
Now
hj_lf —h. l/r/h1 _ th—l _ qu—l
r =ty h, q,

but the classes 5'{1:—'(1/, q,)c.&, j—p are nonzero in HY (G, Z) since they pass

to the classes %(v, 4,)¢,Cy;_, in E_ (cf. (4.22)), and in view of (6.9) and
(6.11) the latter are nonzero. The exactness of the Gysin sequence (8.16) im-
plies then that the classes E{I:—‘(V » 4,)¢,. 8, 2 lie in the image of the morphism

By HY*Y(G, Z) - HY(G, Z) in the Gysin sequence (8.16). Since r,>s,,
in view of (8.7.1) and Lemma 8.17, we can conclude that, at the prime p, for

suitable numbers « D

hi_\f
-1
e by =48

The class {, ; Dasses to the class ¢, i in E_ and by (6.9) and (6.11) the class

€y, has exact order & ;- Hence we must have « 4= a;h ;atp. Furthermore,
in view of what has already been established at p, the class ¢ (, 2 has exact

order q i1 whence the class

h._f
_]_r—chZj—Z = a;hjCZj

4j-1 g,
q._ vV =
J ‘/ q, (v,q)

at p. Consequently, the class 2 jCZ ; has at least order (—V{’JqL'—) and hence the class

¢, i has at least order A j("_(’lb' However, by (8.8), the class {, i has at most

this order, whence 4 j(u—‘f;—l—) is the exact order of (, Iz Moreover, the numbers
a; are units at p. If necessary we can rechoose the classes , ; in such a way
that these units assume the values 1. This establishes the relations (0.3.1) in
the typical case.

Finally we complete the exceptional case. We begin with the relations (0.3.3)

for j odd: In view of (6.9)-(6.11), there is a priori a series of additional

has exact order
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relations of the kind

j i+1 i+2 . .
(8.18) ol =06 G+ aye G g+, 022, jodd
However, it is clear that if necessary we may rechoose the classes ¢, ; for j odd
in such a way that

(8.19) ¢2,;=0, jodd,
and hence
(8.20) 6l =0, i>2, jodd

This establishes the relations (0.3.3) in the exceptional case for j odd.

In the exceptional case with j even the relations (0.3.2) are settled in virtually
the same way as in the typical case with (8.10.e.1) instead of (8.10.t). Moreover,
for j odd, in view of (8.19), in the Gysin sequence (8.16) the classes ¢ {, ;€
HY +2(G) go to zero under multiplication by c,; from the exactness of the

Gysin sequence (8.16) we can therefore conclude that, in view of (8.7) and

(8.17)(2), for suitable numbers « +1» We must have

(8.21) €62 = @191 Sgjaa
Furthermore, in view of (6.9) and (6.11), the class ¢ ¢, ; has at least order 2

and the class (, j+2 Dasses to the class ¢, 2 in E_ of order & JRE This implies
that we must have a series of relations of the kind

(8.22) CxCZj = a;’+1hj+l(:2j+2

and, in view of (8.9.e.2), the number a;. +1 must be a unit at 2. In particular,
we obtain the defining relations

(8.23) 2c,(,;=0, jodd,

i.e., the relations (0.3.2) in the exceptional case with j odd with the new choice
li

for the generators (, ;- Moreover, we can replace {, 42 by « ; % 42 if neces-

sary and henceforth write (, 2 for the latter; we then obtain the relations

(8.24) 2 = hj118yj40,  J 0dd.
Rewriting this we get
hjizj = chzj_z, j even,
i.e., the relations (0.3.1) for j even.
Next, for j odd, since (hj)2 = 2, in view of what was said in (6.9)-(6.11),
we must have
(8.25) 20, = a,6,0y;_ 5+ ayCely, 4+, Jodd.

However, in view of what has already been established with the new choices for
the {,., 2¢,{,; =0, whence

2 3 .
0=alchZj_2+azch2j_4+--- , jodd.
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In view of what was said above we know that multiplication by ¢, is an isomor-

phism in filtration > 4. This implies that, in view of the structure of H*’ 2 _z(e)
which we already know, for k > 2, the numbers g, are divisible by the orders

of the classes c'; & 2k and hence we must have relations of the kind

(8.26) 20, =a,¢,0_, € HY(G), jodd.

Furthermore, if the number a, is nonzero it is necessarily divisible by

(qg])z _ (q,;)z

since in view of what was just pointed out we must have

0=a,c;ly_, eH'(G), jodd.

Now for j odd the element (g-',']:—‘)zcxc2 j—2 € HY (G) is manifestly nontrivial
since it passes to the class

qj_]

2,2j-2
<_q ) C.Cyj_ € E " (e)
1 /2

which is nontrivial. Hence the class

q._ .
(_,_1) ¢.8y_, €HY(G)
49 /,

2ial’ H_”“(G) — H¥(G) in the Gysin
sequence (8.16). Since at 2 the group H2’+1(G) has order (hj)2 =2 we
conclude that the morphism 9, i+l is injective and that its image is generated

lies in the image of the morphism 3

by the class (i’{]:—‘)zcx ¢ -2 € HY (G) . Furthermore, since we already know that,
for j odd, 2¢.{, i = 0, in view of the exactness of the Gysin sequence (8.16)
we conclude that, at the prime 2,

q;_
(h;)y8y; = ¢ (#)2 LNOYIY

with ¢ = 1 or ¢ = 0 according as (, ; has order 2 or > 2 at the prime
2. We do not pursue the question which case occurs when. Whatever value ¢
assumes, in the first case we are done while in the second case we replace {, ;
by ¢, it %;—I'cxdjz j—2 > We note that this makes sense since in view of (3.2)(2) the
number 4 is divisible by 4. We then obtain the missing relations (0.3.1).
However, we may have to change the relations (0.3.3) accordingly as indicated
in the statement of (0.3).

An argument involving the multiplicative structure then completes the proof
that, at a good prime p, for a suitable choice of the generators the relations in
Theorem 0.3 are defining relations for the structure of H*(G) as a module over
H*(K).
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Remark 8.27. It is clear that the above yields a complete description of the
additive structure at the prime 2 in the exceptional case for v odd, too. Indeed,
for j odd, write Z,; € H2’(G) for the old generators constructed by means
of the modulo 2 Bockstein exact sequence in §2. The above shows that, if we
multiply the classes (, ; € HY (G) for j even by appropriate units at 2 (if
necessary) and write Z, ; € HY (G) for the corresponding classes, at the prime
2 the cohomology H*(G) is as a module over the 2-part of H*(K) generated
by
Zz’ Z4a e ’§5>ég, crc

subject to the relations

22,,=0, j odd,
hjz,_j = CxZZj—Z , j even,
q; .
q_jéZjH =0, J even,
1
q; ; . .
zlic;Zijo, jeven, i>2,
(7, =gl i odd, i > 2
x42) T 80q % L2 J 122,

where ¢ = 0 or ¢ = 1, but the latter ambiguity does not affect the additive
structure.
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